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Abstract

Classical maximum-a-posteriori (MAP) segmentation
uses generative models for images. However, creating
tractable generative models can be difficult for complex im-
ages. Moreover, generative models require auxiliary pa-
rameters to be included in the maximization, which makes
the maximization more complicated.

This paper proposes an alternative to the MAP ap-
proach: using a penalized logistic model to directly model
the segmentation posterior. This approach has two ad-
vantages: (1) It requires fewer auxiliary parameters, and
(2) it provides a standard way of incorporating powerful
machine-learning methods into segmentation so that com-
plex image phenomenon can be learned easily from a train-
ing set.

The technique is used to segment cardiac ultrasound
images sequences which have substantial spatio-temporal
contrast variation that is cumbersome to model. Experi-
mental results show that the method gives accurate segmen-
tations of the endocardium in spite of the contrast variation.

1. Introduction

Classical maximum-a-posteriori (MAP) segmentation
requires generative models for images. In practice, the
MAP approach has a serious practical limitation: generative
models for complex images are hard to create. Moreover,
they usually have additional auxiliary parameters which
have to be estimated simultaneously with the segmentation.

This paper suggests an alternative to segmenting com-
plex images – abandon the MAP approach and directly
model the posterior probability of segmentation. By “di-
rectly model” we mean modeling the posterior probabil-

ity without using Bayes theorem. The direct modeling ap-
proach has advantages: (1) It limits the number of auxil-
iary parameters. (2) It provides a standard way of incorpo-
rating machine-learning into segmentation thereby allowing
the use of powerful non-linear methods.

We propose a class of posterior models that we call pe-
nalized logistic models. These models are used in a stan-
dard level-set framework with a shape prior. Our main ap-
plication for the method is segmenting B-mode cardiac ul-
trasound image sequences. The contrast across the endo-
cardium in these sequences (see the top rows of figures 4
and 5) changes spatially as well as temporally throughout
the cardiac cycle. This contrast variation is due to a complex
interaction of the propagating ultrasound wave and the fiber
geometry of the myocardium. A generative model for such
images is possible (see [11] for example), but has many ad-
ditional parameters to optimize over. In comparison, as we
show in 5, direct posterior modeling can accurately segment
the B-mode image sequence without additional parameters.

1.1. Previous Work

Due to space limitations, we only provide a brief liter-
ature review. An overview of different approaches to ul-
trasound segmentation can be found in [10]. MAP ultra-
sound segmentation has received considerable attention, es-
pecially in the cardiac domain, e.g. [13]. Contrast variation
in the myocardium is a complex phenomenon, related to the
interaction of the ultrasound wave and directional fibers in
the myocardium. The study [11] attempts to segment car-
diac ultrasound images in the presence of contrast inhomo-
geneity using a MAP framework.

Logistic models are discussed in detail in classical statis-
tics [9], but surprisingly they are not commonly used in
image segmentation. One exception is [4]. Direct models
of posteriors have been used for image recognition in com-
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puter vision under the rubric of conditional or discrimina-
tive random fields [8, 6, 7, 14]. These models are typically
second-order quadratic Markov random fields.

Machine-learning is receiving increasing attention as a
tool for segmentation [15, 16], but we are not aware of any
work that uses machine-learned penalized logistic models
in segmentation. Non-logistic machine-learning tools have
been proposed for ultrasound segmentation, e.g. [1]. These
methods are neither probabilistic nor level-set based.

We use two machine learning techniques, the support-
vector machine [3] and the import vector machine [17].
Both depend on the “kernel trick” [12] to provide highly
non-linear models which are nevertheless computationally
tractable.

2. Kernel Logistic Models and the IVM

We start with a brief tutorial on kernel logistic models
based on [17]. Suppose that x, y are Rn-valued and {0, 1}-
valued random variables respectively. The kernel logistic
model assumes that the ratio of the posterior probabilities
p(y = 1 | x) and p(y = 0 | x) is given by

log
p(y = 1 | x)
p(y = 0 | x)

= f(x) =
M∑
i=1

αiK(x̃i, x), (1)

where f is the logistic regression function, K is the kernel,
and x̃i are the import vectors. The model of eq. (1) gives
the posterior probability p(y | x) = (1−y)+y exp(f(x))

1+exp(f(x)) .
Learning f in eq. (1) is equivalent to learning

M, {αi}, {x̃i} from a training set {xi, yi | i =
1, . . . , T}. Learning is carried out by maximizing the con-
ditional log-likelihood

∑T
i=1 log p(yi | xi) with respect to

M, {αi}, {x̃i}. This is a complex non-linear optimization
problem; nevertheless, a greedy but effective algorithm is
available for it in the machine-learning literature [17].

The algorithm uses a result of kernel function theory
which states that the optimizing import vectors are a sub-
set of the training samples {xi}. The algorithm begins with
a null set of import vectors. It iteratively increases the set by
adding to it one training set vector per iteration. The vector
that is added is the one that causes the most increase in log-
likelihood

∑T
i=1 log p(yi | xi). The algorithm terminates

when the increase in the log-likelihood falls below a thresh-
old. A brief description of the algorithm is given below. For
further details, see [17] :

Algorithm (IVM):
(1) Let X = {xi} be the set of xi’s in the training set and V be
the set of import vectors. Initialize V = ∅.

(2) For every xi ∈ X − V , create the set Ai = V
⋃

xi.

(3) Regard each Ai as the import vector set and for it use gradient
ascent to find {αi} that maximize

∑T
i=1 log p(yi | xi).
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Figure 1. The Penalized Logistic Model.

(4) Set V to that Ai which gives the maximum value of∑T
i=1 log p(yi | xi). This increases the import vector set by one

element, namely the “best” element of X − V .

(5) Terminate if the increase in the log-likelihood
∑T

i=1 log p(yi |
xi) falls below a threshold, else go to (2).

Because the best training sample is chosen at every step,
the number of import vectors is usually quite small. The
resulting logistic model is referred to as an import vector
machine (IVM).

We use Gaussian radial basis functions as the kernel for
the IVM so that K(x̃i, x) = exp(−‖x̃i − x‖2/2σ2).

3. Segmentation with Logistic Models

3.1. Penalized Logistic Model

We now turn to using logistic models and the IVM for
segmentation. To do this, we first normalize the images us-
ing two template spaces: a feature template space and a
shape template space ( shown in figure 1 ). The feature tem-
plate space is used to normalize image gray level values and
the shape template space is used to normalize segmentation
shape. As shown in figure 1, Ω is a finite grid of image pix-
els in a cube U of Rk. The variable u stands for pixels, i.e.
grid vertices, of Ω, The set of all u is finite and each u has k
coordinate functions a1(u), . . . , ak(u), where an(u) is the
coordinate of u along the nth axis.

The image data is a vector-valued function x : Ω → Rn,
and the segmentation is given by the indicator function y :
Ω → {0, 1} of one of the segmented regions. The feature
template space is another copy of Rn and a transformation
T 1

θ1
: Rn → Rn, which is parameterized by θ1, maps the

image values into the feature template space. Finally, f :
Rn → R is the logistic regression function defined in the
feature template space.

The shape feature space is another copy of the cube U ∈
Rk. We define a mean shape function s : U → R and pull
it back onto Ω using a second transformation T 2

θ2
: Ω → U

which is parameterized by θ2 and is invertible.
Setting θ = (θ1, θ2), image segmentation is obtained by

maximizing the posterior log-likelihood log p(y, θ | x) with
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respect to y and θ. To do so, we write p(y, θ | x) = p(y |
θ, x) × p(θ | x) from which we get

log p(y, θ | x) = log p(y | θ, x) + log p(θ | x). (2)

The terms on the right hand side of (2) are set as follows:

The log p(y | θ, x) term : We set

log p(y|θ, x) =
∑
u∈Ω

log p(y(u)|θ1, x(u)) − γ(y, θ2), (3)

where

p(y(u)|θ1, x(u)) =
(1 − y(u)) + y(u) exp(f(T 1

θ1
(x(u)))

1 + exp(f(T 1
θ1

(x(u))))
(4)

and the function f is given by the kernelized model of equa-
tion (1). The γ(y, θ2) term in eq. (3) is a regularization
penalty term and we set it to:

γ(y, θ2) = λ1 × length (bndry({u | y(u) = 1} ))

+ λ2

∑
u∈Ω

(y(u) − s(T 2
θ2

(u)))2. (5)

The first term on the right hand side of equation (5) is equal
to λ1 times the length of the boundary of the indicator func-
tion y and is a roughness penalty term. The second term is
a shape prior term. It measures the deviation of the segmen-
tation of y from the indicator function s of a pulled-back
“mean shape” s : U → {0, 1}. Of course, more com-
plex shape priors can be used, but the mean shape prior is
known to be useful in cardiac ultrasound segmentation [2].
We adopt it for simplicity.

The log p(θ | x) term : This is the log-posterior of θ given
x. We assume that we have an estimator θ∗(x) (we use
support vector regression as the estimator in experiments),
and use the normal distribution for p(θ | x), i.e.

log p(θ | x) = −λ3‖θ − θ∗(x)‖2, (6)

where λ3 > 0 is a constant. This term is motivated by
the well-known observation that the posterior distribution of
many commonly used estimators is asymptotically normal.

Equations (2-6) define the penalized logistic model for
image segmentation.

3.2. Segmenting with the penalized logistic function

The penalized logistic model can be used in a level set
segmentation scheme. Let φ : Ω → R be a level set
function and let H be a smooth Heaviside function. Then
using y(u) = H(φ(u)) we can write the log-likelihood
log p(y, θ | x) of eq. (2) as the objective function J(φ, θ |

x):

J(φ, θ | x) = log p(y | θ, x)

=
∑
u∈Ω

{
H(φ(u))f(T 1

θ1
(x(u))) + log

1
1 + exp(f(T 1

θ1
(x(u))))

}

−γ(H(φ), θ2) − λ3‖θ − θ∗(x)‖2, (7)

where, taking δ0 to be the smooth Dirac delta function

γ(H(φ), θ2) = λ1

∑
u∈Ω

δ0(φ(u))|∇φ(u)|

+ λ2

∑
u∈Ω

(H(φ(u)) − s(T 2
θ2

(u)))2.

The segmentation is found by gradient ascent with re-
spect to φ and θ:

∂φ

∂t
= ∇φJ(φ, θ | x) (8)

∂θ

∂t
= ∇θJ(φ, θ | x), (9)

where the expressions for ∇φJ(φ, θ | x) and ∇θJ(φ, θ |
x) are given in the Appendix of the paper. Note that our
convention is that θ is a row vector, hence the expression
for ∇θJ(φ, θ | x) in the Appendix is a row vector.

3.3. Comments on and Extensions of the model

For a given T 1
θ1

, the value of the regression function in
eq. (4) at u only depends on x(u). At first glance, this
seems too simple to model complex images. But it is easy
to extend this so that the regression function becomes more
sophisticated. Two extensions are useful:

Neighborhood values: Suppose we have a scalar-valued
image x and we filter it with a set of possibly non-linear fil-
ters to create a vector-valued image x̂, called the extended
image. Each pixel of the extended image contains neighbor-
hood information from the corresponding pixel in x (see fig-
ure 2). Taking the extended image as the input image makes
the regression function use information from the neighbor-
hood of a pixel rather than just the gray level at a pixel.
Theoretically, this step can be rigorously justified with con-
ditional random fields [8].

Spatial location: When there is no contrast variation in an
image, whether a pixel belongs to a region depends solely
on the gray level of the pixel. When there is contrast vari-
ation, the same gray level has to be interpreted differently
in different parts of the image, i.e. the regression function
is now required to be a function of the gray level as well as
the spatial location of the pixel.

To make the regression function depend on spatial loca-
tion we simply add pixel coordinates to the extended image.
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Figure 2. The Extended Image.

Given an image x, we define the extended image x̂ by

x̂(u) =
[
x(u), (avg x)(u), (std x)(u), a1(u), . . . , ak(u)

]T

(10)

where (avg x)(u) and (std x)(u) are the Gaussian weighted
mean and standard deviation of the image in a neighbor-
hood of u, and a1(u), . . . , ak(u) are the pixel coordinates
of u. By using this extended image as the input image,
the regression function can use neighborhood information
as well as location information.

4. Cardiac Ultrasound Segmentation

We use the above method to segment the endocardium
in human cardiac ultrasound image sequences. We assume
that each sequence has K frames and that all sequences be-
gin at end-systole and stop at end-diastole. Thus, the grid Ω
is three dimensional with the third dimension being time.
Because all frames are synchronized from end-systole to
end-diastole, the time coordinate is already “normalized”.
Given an image sequence x : Ω → R we form the extended
image sequence x̂ according to eq. (10). We refer to the first
three components of the extended image as intensity com-
ponents and the last three as the coordinate components.

4.1. Transformations

We have to specify two transformations T 1
θ1

and T 2
θ2

to
proceed. We take the transformation T 2

θ2
to be:

T 2
θ2

(u) = [a1(u) a2(u) a3(u)]A + B, where

A =

⎡
⎣ p s 0

−s p 0
r u 1

⎤
⎦ , B =

⎡
⎣ v

w
0

⎤
⎦

T

, (11)

so that θ2 = (p, s, . . . , v, w). This transformation preserves
the time coordinate, a3(u), while transforming each frame
in the sequence by a similarity transform.

We set the transformation T 1
θ1

to transform the intensity
components and the coordinate components of the extended
image by two independent transforms. For simplicity, the
coordinate component transformation is set identical to T 2

θ2
.

That is,

T 1
θ1

(x̂(u)) =
[
ax(u) + b, (mean ax + b)(u),

(std ax + b)(u), T 2
θ2

(u)
]
. (12)

We refer to the a, b parameters as intensity normalization
parameters. Thus, the total set of parameters is θ =
(a, b, p, . . . , w). This completely defines the model.

We will need the derivatives of T 1
θ1

and T 2
θ2

with respect
to θ1 and θ2 for later use. We denote the derivatives as:

1. The 6×8 matrix
∂T 1

θ1
∂θ1

whose ijth entry (
∂T 1

θ1
∂θ1

)ij is the
partial derivative of the ith component of T 1

θ1
with re-

spect to the jth component of θ1. We omit the formula
for the matrix. It can be obtained by a straight forward
partial differentiation of eq. (12).

2. The 3 × 6 matrix
∂T 2

θ2
∂θ2

whose ijth entry (
∂T 2

θ2
∂θ2

)ij is
the partial derivative of the ith component of T 2

θ2
with

respect to the jth component of θ2.

4.2. Learning

To use the model, we have to learn the logistic regression
function and the estimator θ∗ from a training set. This is
done as follows:

(1) Calculate θ and the mean shape function for the
training set: The training set contains image sequences
xi and segmentations yi, i = 1, . . . , M . We first calcu-
late the spatial transformation parameters that affinely align
segmentations y2, . . . , yM to y1. The transform for the first
segmentation is assumed to be identity, T 2

θ2,1, = id, and for
i = 2, . . . ,M the parameters θ2,i are chosen to minimize

‖y1 −
(
T 2

θ2,i

)−1

(yi)‖2.

After alignment, the mean shape function is calculated

by s = H(1/M
∑M

i=1

(
T 2

θ2,i

)−1

(yi)), where H is the

smooth Heaviside function.
Finally, the parameters a, b in the transformation T 1

θ1

(see eq.(12)) are determined by setting the mean value of
the first intensity component of the exteded image (i.e. the
main value of the gray level of the original image) in blood
pool and the myocardium to fixed values (20 and 70 respec-
tively).

This completely determines all parameters θi for all i.

(2) Learn the logistic regression function: Using θ1,i, θ2,i

determined above, the training images and manual segmen-
tations are normalized by insertion in feature and shape tem-
plate spaces and the IVM algorithm of section 2 is used to
learn the logistic regression function f .
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(3) Learn the estimator θ∗(x) : The parameter estimator
θ∗(x) is created by using support vector regressions with
Gaussian radial basis function kernels [5]. The gray level
transformation parameters are learned by a support vector
regression from the histogram hi of the first component of
the extended image to the (ai, bi) values calculated in step
(1) above.

The estimator for transformation parameters (p, . . . , w)
are learned as follows: The extended image xi is tiled with
polar co-ordinate tiles whose origin is the center of the im-
age, and the mean value of the first intensity component is
calculated in each tile. The vector of the mean values from
all tiles gives the overall brightness pattern of the image and
captures information about the location, size and orienta-
tion of the left ventricular cavity and the myocardium. The
transformation parameters are learned by a support vector
regression of the θ2,i calculated in step (1) above with the
vector of mean values.

These support vector regressions give the estimator
θ∗(x).

5. Experimental Results

We evaluated our algorithm using 2-D clinical short-
axis echocardiographic image sequences. A total of 20 se-
quences were acquired from an Acuson Sequoia imaging
system. The sequences were of different subjects obtained
from a clinical database. All sequences had 4 frames with
each frame 140 × 140 pixels. All sequences started at end-
systole and stopped at end-diastole. 10 sequences were ran-
domly selected as the training data set and their endocardi-
ums were manually outlined. Training was carried out as
explained in section 4. The σ of the smoothing Gaussian
in the extended image was set to 7 and the Gaussian radial
basis functions were used as kernels in the IVM and SVM
with γ = 1/2σ2 set to 0.001. The parameters λi, i = 1, 2, 3
were set as 2,1,1, respectively.

The learned regression function and estimator θ∗(x) was
used to segment the remaining 10 image sequences. The
level set was initialized by two mouse clicks in image se-
quence to obtain the blood pool center and an orientation.

The goal of the experiments was to demonstrate the main
claims of this paper, which are (1) The penalized logis-
tic model can account for complex image patterns without
auxiliary parameters; in particular it can account for spatio-
temporal contrast variation in cardiac ultrasound images,
(2) This approach gives accurate segmentations.

Our first evaluation was to check whether the IVM
learned to model the contrast inhomogeneity. Figure 3(a)
shows the first frame of the image sequence in the top row
of Fig. 4. The local contrast between the blood pool and the
myocardium is greater near locations marker 2 and 4 than
near locations marked 1 and 3. Figure 3(b) shows the pos-
terior probability of the pixel belonging to the myocardium
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Figure 3. Short-axis cardiac ultrasound image. (a) The contrast
along the endocardium is inhomogeneous. The contrast is higher
at locations 2 and 4 than at 1 and 3, and (b) the probability of four
points.

as a function of image intensity as learned by the regression
function at locations 1,2,3,4. (The regression function de-
pends on all components of the extended image. Figure 3(a)
shows the dependence on the first component with the co-
ordinate components set to the coordinates of the locations
1,2,3 and 4.) Note that the posterior probability function is
similar for locations 1 and 3 and also for locations 2 and 4,
but the two sets of functions are quite different. The pos-
terior probability of the pixel belonging to the myocardium
equals 0.5 at locations 1 and 3 when the intensity is 10 and
25 respectively, and at locations 2 and 4 when the inten-
sity is 53 and 48 respectively. This shows that the IVM
is willing to classify less brighter pixels at locations 1 and
3 as myocardium than at locations 2 and 4, i.e., the IVM
has learned to account for spatial contrast variation with-
out extra parameters that need to be optimized over during
segmentation.

The ability to capture temporal variation is shown in fig-
ure 4. The top row of the figure shows a typical test se-
quence. The endocardium near the 2 o’clock position has
poor contrast in the first two frames but becomes notice-
able in the last frame, demonstrating spatio-temporal con-
trast change. To test whether the logistic model learned
these changes, we visualized the posterior probability of a
pixel belonging to the myocardium as calculated in the fi-
nal iteration of the segmentation. That is, for every pixel u
in the image sequence, we measured exp(f(T 1

θ1
(u)))/(1 +

exp(f(T 1
θ1

(u)))) taking the value of θ1 from the last iter-
ation. The probabilities are shown in the second row of
the figure where the probability values are color-mapped
blue→purple→red where purple is the posterior probabil-
ity of 0.5 and pixels that are redder have higher probabil-
ity of belonging to the myocardium (bluer pixels have a
higher probability of belonging to the blood pool). The sec-
ond row shows clearly that the posterior probabilities allow
for spatio-temporal variation – the blood pool/myocardium
boundary is clearly evident across the whole sequence in
spite of spatio-temporal contrast variation. The third row
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Figure 4. The segmentation of a sequence of echocardiographic images. First row: four frames in the sequence. Second row: the posterior
probability map. Blue indicates the ventricular cavity, and red indicates the myocardium. Third row: the results of segmentation: algorithm
(yellow) and manual (green). Fourth row: the posterior probability by a spatially homogenous model. Fifth row: segmentation using the
spatially homogenous model.

of the figure shows algorithm segmentation results in yel-
low with corresponding manual segmentation in green. The
mean distances between the two contours in the four frames
are 1.64, 1.18, 1.63, and 1.37 pixels respectively while the
Hausdorff distances are 4.98, 3.80, 6.76, and 6.40 pixels
respectively. The two sets of contours are quite close given
that the manual segmentation contains some inaccuracy and
the size of the speckle grain is about 7 pixels × 7 pixels.

To further demonstrate the importance of taking spatio-
temporal contrast variation into account, we excluded the
coordinate components (the a1(u), . . . , an(u) components
in eq. (10)) from the extended image. From the argument in

section 3.3 we know that eliminating coordinates eliminates
all spatio-temporal variation in the model. The fourth row
of figure 4 shows the posterior probability of pixels belong-
ing to the myocardium calculated by this reduced model in
the last iteration of the segmentation. Notice the “leakage”
of the blue pixels (pixels with high posterior probability of
belonging to the blood pool) near the 2 o’clock position.
The last row of figure 4 shows the segmentation achieved by
using the reduced model. The segmentation has also leaked
into myocardium, clearly showing the need for taking con-
trast variation into account.

Figure 5 shows segmentation of another test sequence
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Figure 5. The segmentation of a second sequence. Top row: four frames in the sequence. Bottom, segmentation: algorithm (yellow) and
manual (green).

2 4 6 8 10
0

1

2

3

4

5

6

7

8

9

Number of sequences

P
ix

el
s

 

 

HD
MD

Figure 6. Comparison of algorithm and manual segmentations.
HD: Hausdorff distance, MD: mean distance.

(the color row showing posterior probabilities is omitted to
conserve space). The results show that the algorithm is able
to segment it quite well.

The accuracy of all 10 test segmentations is summarized
in figure 6. The figure shows the Hausdorff distance and
the mean distance between the algorithm segmentation and
manual segmentations for all 10 test sequences. All algo-
rithm segmentations were within 7 pixels of manual seg-
mentations.

The computational time for each iteration is 6.0 sec for
a MATLAB implementation. The segmentation generally
converges in 20 iterations. It is expected that the computa-
tion will be faster with C++ implementation.

A final point. Classical MAP models often get trapped
in local maxima. This happens because in the early iter-
ations MAP algorithms do not have good estimates of θ.
In contrast, our algorithm initializes θ to the support vector
estimate θ∗(x). Hence, good estimates are available for θ
from the very beginning and θ converges to the final value
quickly. Figure 7 illustrates this by showing the value of the
intensity normalization parameters a and b (refer to equa-
tion (12)) as a function of iteration number. The parameter
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Figure 7. Fast convergence of the intensity normalization coeffi-
cients.

values have converged in the first 3 iterations. In the remain-
ing iterations, the algorithm is essentially only evolving the
level set. Thus, the risk of getting trapped in a local maxi-
mum is greatly reduced for this approach.

6. Conclusion

We proposed a methodology for directly modeling
the posterior probability of segmentation using machine-
learned penalized logistic models. This methodology does
not require a generative data model and enables the use
of powerful machine-learning techniques such as IVM and
SVM in segmentation. The algorithm was used to seg-
ment ultrasound image sequences which exhibit consider-
able spatio-temporal contrast variation. The algorithm suc-
cessfully learned the contrast variation from a training set
and segmented test sequences with an accuracy of 7 pixels
compared to manual segmentations. Further, the algorithm
demonstrated rapid convergence of auxiliary parameters.
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Appendix

Formulae for gradients

The gradients in eq.s (8-9) are as follows:

∇φJ(φ, θ | x)

=

(
f(T 1

θ1
(x)) − λ1div

( ∇φ

|∇φ|
)
− 2λ2(H(φ) − s(T 2

θ2
))

)

×δ0(φ)

and,

∇θJ(φ, θ | x)

=
∑
u∈Ω

{
H(φ(u)) − exp(f(T 1

θ1
(x(u))))

1 + exp(f(T 1
θ1

(x(u))))

}

×∂f(T 1
θ1

(x(u)))
∂θ1

+2λ2

∑
u∈Ω

(H(φ(u)) − s(T 2
θ2

(u)))∇s
∂(T 2

θ2
)

∂θ2
− 2λ(θ − θ∗),

where, ∇s is the gradient of s expressed as a row vector and
assuming Gaussian radial basis functions for the kernel K,

∂f(T 1
θ1

(x(u)))
∂θ1

=

1
σ2

r

M∑
i=1

αiK(T 1
θ1

(x(u)), x̃i)(x̃i − T 1
θ1

(x(u)))
∂T 1

θ1
(x(u))

∂θ1
.

where,
∂T 1

θ1
(x(u))

∂θ1
and

∂T 2
θ2

(x(u))

∂θ2
are the partial differential

matrices mentioned at the end of section 4.1.
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