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Figure 12.1: Geometry of the mammalian heart. In the discussion to follow, the terms endo-
cardium and epicardium will be used to refer to the bounding surfaces of the left ventricular
myocardium.

In this chapter we describeresearchin the areaof estimationof cardiacmotion
anddeformationfrom medicalimages.We focusprimarily on the useof 3D mag-
neticresonancénagesequencedyut we will alsodiscusghe applicationof some
methoddo ultrafastCT and3D echo.

12.1 Intr oduction

The estimationof cardiacmotion and deformationfrom 3D imageshasbeen
an areaof major concentrationn the medicalimageanalysis.In theseproblems,
theimagedatautilized aretypically acquiredin 16 framesconsistingof 10 to 16
sliceseach.Onesuchimageslice througha canineheartacquiredusingmagnetic
resonancémagingis shavnin Fig. 12.1(aswell asareconstructetbng-axisslice).
In the gure, we labelmajorareassuchastheleft andright ventriclesandthe two
ventricularwalls thatboundtheleft ventricularmyocardium(the endocardiunand
the epicardium).Most researcherbave focusedalmostexclusively on the motion
anddeformationof the left ventricle. More recently however, somepreliminary
work onright ventriculardeformatiorhasalsoappearedn theliterature[1].

The estimationof regional 3D cardiacdeformationis an importantissue,as
ischemicheartdiseasds a major clinical problem. Myocardialinjury causedy
ischemicheartdiseasas oftenregional. It is the fundamentafoal of mary types
of cardiacimagingandimageanalysisto measurd¢heregionalfunction of the left
ventricle(LV) in aneffort to isolatethelocationandextentof ischemicor infarcted
myocardium.Figure12.2illustratesthe effect of ablocked artery;in this casethe
left-anteriordescendingrtery(LAD) hasbeenoccluded.Thereis a changen the
deformationin a local region thatis suppliedby the LAD; insteadof the normal
thickening behaior, it actually thins on contraction. Quantitatve estimationof
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Normal Left Ventric le Image Sequence

Postocclusion Left Ventricle Image Se quence

Figure 12.2: Short-axis magnetic resonance images from two 3D acquisitions of a canine
heart. The top sequence was acquired before left coronary anterior artery occlusion and
the bottom sequence postocclusion. The occlusion generates a disruption of the normal
thickening behavior of the myocardium in contraction in the highlighted region. The quanti -
cation of such parameters from 3D image sequences is the focus of the methods reviewed
in this chapter.

thesechangess a majorgoal of cardiacimageanalysisasit will hopefullyallow
for themeasuremendf boththelocationandthe extentof the affectedregion.

In addition,thecurrentmanagemenif acuteischemicheartdiseases directed
atestablishingoronaryreperfusiorand,in turn, myocardialsahage.Also, under
standinghe physiologyof theheartis animportantfocusof researclhin cardiology
for the evaluationof varioussugical proceduresuchastransmyocardiatevascu-
larization[2].

Therestof this chapterreadsasfollows: In Section12.2,we brie y describe
alternatve techniquegor estimatingcardiacdeformation.Thesetendto beinvasve
andinvolve sugically implantedbeadsor ultrasoundransducersThen,in Sections
12.3and12.4,weturn our attentionto currentandprevious researctefforts in the
medicalimagingcommunitywith respecto estimatingcardiacmotionanddefor
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Figure 12.3: Typical placement of arrays of sonomicrometer crystal (or implanted bead)
arrays in the left ventricle. These can produce highly accurate estimates of the deformation
at a small number of locations in the left ventricle.

mation. Typically, ary given methodwill combinea setof sparsenoisy image-
derved and sometimegartial setof displacemenestimategthe “data”) with a
modelwhich is usedto simultaneouslhysmoothandinterpolatetheseestimatesas
necessarythe “model”). This combinationof “data” and “model” produceshe
resultingdisplacementeld. Wewill rst analyzethe“data” componenof thepre-
sentedmethodsin Section12.3andthe “model” componenin Section12.4. In

Section12.5,we presentin moredetail onemethod,in attemptto illustrate better
themoregeneraldescription®f Sectionsl2.3and12.4. Then,in Section12.6we

turn to the all importanttopic of validation. Finally, in Section12.7 we present
somepossiblefutureresearctdirectionsin this area.

12.2 Invasive approachesto measuringmyocardial deformation

A varietyof work is evidentin thecardiacphysiologyliteraturethatattemptso
guantitatvely measurgransmuramyocardialstrain. Severalnotevorthy effortsin
particularhave usedsonomicrometerg3-5] andarraysof implantedmarkers(see,
e.g.,[6,7]). For example,Fig. 12.3shavs a schematiof a typical implantationof
sonomicrometers the left ventricle. While acceptechs beingaccuratejn both
casesonly a sparsenumberof speci ¢ siteson the LV canbe measureddueto
the dif culty in implantingthe sonomicrometerand marlers. It would be quite
dif cult to measure large numberof sitessimultaneously

Also, it is possiblethattheseimplanteddevicescanaltermyocardialperfusion
andfunction, althoughthereis little publishedevidenceof this. While mary of
thesemeasurementare performedn animals,we notethatsomeinterestingmea-
surement®sf strainusingmarkershave beenproducedevenin humang8]. Finally,
we alsonotethat someresearcherkhave looked at measuringn vivo strainusing
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attachedstraingaugeg9] (asnotedin [10]), althoughlittle hasbeenpursuedalong
thesdines.

12.3 Approachedo obtaining estimatesof cardiac deformation from 4D im-
ages

Therearetwo aspectdo this problem;the rst relatesto the manipulationof
the acquisitionparameterén orderto obtainthe most-usefuimages,andthe sec-
ondto the postprocessingf theseimagesfor estimationof cardiacdeformation.
Regardingthe rst aspecta signi cant level of actiity hasbeenperformedwithin
the magneticresonancémaging (MRI) communityregardingthe developmentof
MR tagging,andto a lesserextent, MR phasevelocity imaging. The underlying
physicsof theseechniquess beyondthescopeof thischaptertheinterestedeader
is referredto areview articleby LeonAxel [11].

The secondaspecbf this problem,the analysisof theimages relatesto work
traditionallydonein thecomputewisioncommunity especiallyin theareasof non-
rigid motionestimationjncludingthe caseof variableillumination, sggmentation,
andsurfacemapping. A general,althoughsomeavhat datedcoverageof the eld
canbefoundin Horn[12].

In this sectionwe focusontheimage-denedcharacteristicsisedto obtainthe
initial, somavhat sparse often noisy and partial displacementgand/orvelocities
thatarecombinedwith a modelto producecompleteanddensedisplacemenand
deformatiorestimates.

12.3.1 Methodsrelying on magneticresonanceagging

In this approachgrid lines at certainpositionscanbe generatedt one point
in the cardiaccycle andtheir deformationtracked over a portion of the cycle, pri-
marily using gatedacquisitiontechniques.The developmentof the grid tagging
approachto the measuremendf myocardialstrain hasbeenvigorously pursued
by two groupsin particular— at the University of Pennsyhania[11] and Johns
Hopkins[13] — who arethe original developersof thetaggingideas.Figure12.4
shavs anexampleof suchanacquisition.Threeframesareshawn; in framel, the
originaltagsarelaid out parallelto the verticalaxis,andthey areshavn to deform
with the materialin the subsequerframes.

Much of thesegroups'currentefforts arefocusedon how to createdenseelds
of measuremenia 3D by puttingtogetherseveralorthogonatagginggrid acquisi-
tions. Theirapproachesertainlyshav promise becaus@f theinherentcapability
of includingdiscerniblepatternghatdeformwith thetissue put they currentlyhave
the following limitations: (a) it is dif cult to track the tagsover the completelLV
cycle, dueto decayof the tagswith time; (b) multiple acquisitionsarerequiredto
assembla&D information;and(c) it is still quitedif cult to assembldhe detected
tagsinto arobust3D analysis/displayAll of theseproblemsarebeingpursuedag-
gressiely by thetwo primary groupsmentionedabore, aswell asby a few other
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Figure 12.4. Samples of short-axis (top) and long-axis (bottom) magnetic resonance im-
ages illustrating magnetic resonance tagging at three time points in the cardiac cycle. Cour-
tesy of Jerry L. Prince, John Hopkins University.

institutions(e.g.[14]).
In generalthereseento bethreedifferentapproacheto estimatingnitial dis-
placementlatafrom magnetiaesonanceéaggingasfollows:

Taggingin multiple intersectingplanesand using the tag intersectionsas
tokensfor tracking(e.g.[14-16]).

Taggingin multiple intersectingolanes,andthenfor eachtaggingplanees-
timating the normal direction of motion perpendiculaito the plane. This
generatea sensef partialdisplacement§é.e.,thecomponenparallelto the
taglinesis missing)to becombinedater(e.g.[1,17]).

Attemptingto modelthe tag fading over time usinga modelfor the Bloch
equationsand using a variable-brightnessptical o w approachto extract
thedisplacementée.g.[18,19]).
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Figure 12.5: Reconstruction of three perpendicular tagging planes acquired in different
acquisitions. From Kerwin et al. [15], Courtesy of Jerry L. Prince, John Hopkins University.

Usingintersections. Themultipleintersectingplanesareeithergeneratedby im-
posinga tag-gridpatternin a singleacquisition,which canbe doneonly for two-
dimensionalgrid patterns,or by taggingalongdifferentplanesin separatecqui-
sitionsand superimposindghe taggedplanesto createthe grid later (seework by
KerwinandPrince[15], Amini [14], YoungandAxel [16], etc.) An exampleof the
laterapproachs shavn in Fig. 12.5,from thework of KerwinandPrince[15]. The
underlyingideais to try to generat¢material’-marlers at the intersectiorpoints,
andthenusetheseasthefeaturedor the overall motion-estimatiorscheme.

Usingthe wholetag lines. Thesecondapproachratherthanusingjusttheinter
sectionsfriesto usethewhole of the tag lines (planes).(Seework by Haberand
Metaxas[1], or Denng andPrince[17].) This hasthe adwantageof beingmore
robustto noisethanthe rst approachasit usesmoreof thetagline andcanalso
provide partialinformationin regionswheretherearefew intersections.This be-
comesespeciallyusefulin the caseof the right ventricle[1], wherethe thickness
of the heartwall is muchsmallerandthelikelihoodof having regularly spacedn-
tersectionss very low. The penaltypaidfor thisis that,at this original stage one
cangenerat®nly displacemengstimateperpendiculato thetagplane whichwill
needto be processedhterin orderto generata full displacementeld.

In both of the above approachesin the preprocessingtage,thereis alsoa
needto identify which of the intersectionsor partsof the tag lines lie within the
myocardiumandthento discardall of the others. This resultsin the needfor at
leasta crudesggmentatiorof themyocardiumgthisis commonlydoneinteractvely,
suchasin thework of Guttmanetal.[20], Youngetal. [16] or Kumaretal.[21]. (It
is worth noting, however, that Denng [22] proposesa new methodthat bypasses
this segmentatiorstep.)

Boththetagdetectiorstepandthe presgmentatiorwork, in generalusemeth-
odsbasedon deformablemodels.following the original work by Kass[23]. (See
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Figure 12.6: An example of a low-frequency tagged MRI image. From Thetokis and Prince
[26]. Courtesy of Jerry L. Prince, John Hopkins University.

alsochapter3 andthereview article by Mclnerng/ and Terzopoulog24].) A de-
formablemodeltriesto nd the curve that minimizesan enegy functional that
consistsof animage-baseterm (typically the gradient)andaninternalenegy or
smoothnesterm. In the formulationof [23], it hadtheform

(12.1)

where is theimageasa functionof thecoordinates ; isthearclength
that parameterizeshe curve; and and arethe smoothingparameters.The
gradientermensuresdherenc#o theimagedata,whereashesecondermtriesto

keepthe curve smooth.Thisapproachs modi ed to allow for differentdeformable
modelgeometriessuchasgrids[21], andfor betterimageadherencéermsusing
someknowledgeof theunderlyingphysics,suchasin the caseof [25].

Variable-brightnessoptical o w methods. In the third case the whole image
is used,and dataare extractedusing a variable-brightnessptical o w approach
ontheimageintensity Sinusoidakaggingpatternsareprimarily usedin this case,
which provide for thesmoothintensity elds neededor ef cient optical o w com-
putation.SeeFig. 12.6for anexampleof this.

Thevariable-brightnespart of the algorithmis basedon modelingthe fading
of thetagintensityover time usingamodelof theimagingprocessasgeneratedby
the Bloch equationd18,19]. For example,in the work of Gupta[19], the signal
(brightnesspattime is modeledas
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(12.2)

where istheprotondensity and aretherelationtime constants, isthe
repetitiontime, is theechotime, and is thetag modulationcoefcient. The
rst threeparameterg ) arepropertiesof theunderlyingtissue whereas
thelastthree( ) aretheacquisitionparametersin [19], acompositeof the
tissueparameterss estimatedaspartof the displacemengstimationalgorithm.
As with all intensity-basednethodsthe original estimate®f the displacement

eld consistof thecomponentf thedisplacementperpendiculato theisophotes,
(this limitation is known asthe aperturgproblem;seeHorn [12] for details)which
arelaterregularizedto producea full displacemenestimate.The quality of these
estimatesare highestin the middle of the wall and can be very noisy nearthe
myocardialboundariesThis methodhasthe advantageof nothaving to detecttags
explicitly, but herethe brightnessvariation parametersnust be either knovn or
estimated.A roughpresgmentationof the ventricleis alsoneedechere,to avoid
smoothingacrossthe boundaries. Thesemethodshave, to the bestknowledge of
theauthorspeenappliedonly in 2D.

12.3.2 Methodsrelying on phasecontrastMRI

Severalinvestigatorshave employed changesn phasedueto motion of tissue
within a x ed voxel or volume of interestto assistin estimatinginstantaneous,
localizedvelocities,andultimately cardiacmotionanddeformation While the ba-
sic ideaswere rst suggestedby van Dijk [27] and Nayler [28], it wasPelcand
his team[29-31] who rst bridgedthe techniqueto cornventionalcine MR imag-
ing andpermittedthe trackingof myocardialmotionthroughoutthe cardiaccycle.
This techniquerelies basicallyon the fact that a uniform motion of tissuein the
presenceof a magnetic eld gradientproducesa changein the MR signalphase
thatis proportionalo velocity. In principle,thesenstantaneouEulerianvelocities
canbe derived from eachpixel in animageacquisition. An exampleof suchan
acquisitionis shavn in Fig. 12.7.

However, clustersof pixels within regions of interest(ROIs) aretypically an-
alyzedwhenpredictingpoint-wisemotion, primarily dueto signal-to-noisessues.
It is worth noting that, aswith MR tagging,accuratelytracking myocardialmo-
tion in 3D requiresadditionalimageprocessingandlittle hasbeenreportedn the
literatureaboutthis problem. Assemblingthe denseeld phasevelocity informa-
tion into a completeand accurate3D myocardialdeformationmapis currentlya
limiting problemfor this technology Furthermorecurrentphase-contrastelocity
estimatesearthe endocardiabndepicardialboundariesrelessaccurate Thisis
dueto thefactthatthe requiredsize of an ROl — for signal-to-noisgurposes—
is typically large and caninclude informationfrom outsidethe myocardialwall.
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Thus,aswith MR tagging,the mostaccuratd.V functioninformationis obtained
from the middle of the myocardialwall, andthe leastaccuraténformationis usu-
ally nearthe endocardiabind epicardialwall boundaries.In generalthereseem
to bethefollowing two commonapproacheto extractingusefulinformationfrom

phase-contrasinages:

Processinghe datadirectly to estimatestrainratetensorse.g.,[29,32].

Integratingthe velocitiesovertime, via someform of trackingmechanisnio
estimatedisplacements.g.,[33-36].

We alsonotethat Shi[37] combinedthe phase-contrastelocitieswith shape-
baseddisplacement§38] within anintegratedframework thatis basedon contin-
uummechanics.

12.3.3 Computer-vision-basethethods

Quantifyingthe deformatiorof the LV canbe seenasatwo-stepprocess:rst,
establisicorrespondendaetweercertainpointsonthelV attime andtime ;
andsecondusingthesecorrespondencessa guide,solve for acompletemapping
(embeddingpf the LV betweerary two time frames. This problemcanbe posed
for the entire myocardiumor just portionsof it, suchasthe endocardiakurface
alone.Therehasbeenconsiderableffort, in generalpnthesewo topics,although
rarelyhave they beenaddressetbgether

Onecommonapproacho establishingorrespondencis to track shaperelated
featuresonthelV overtime asreportedby Goldgof[39], Ayache[40], McEachen
[41], andShi [38]. An exampleof suchanapproachn 2D is shavn in Fig. 12.8.
The preliminary displacemengstimateshereare,in general,generatedisingthe
following steps:

Extracttheendocardiabhndepicardialsurfacesfrom theimages.

Calculatethe quantitythatis usedasthe shapefeaturefrom thesesurfaces.
Thesetendto bethe cunatures;eitherthe principal curvaturesasin [38] or
the Gaussiarcurvature[39].

Track points on the surfacesfrom one frame to the next by minimizing a
metricsuchasbendingenepy or differencen cunature.

Then,thedisplacementeld is smoothedaswasthe casewith previous meth-
ods)to producethe nal outputdisplacementsA validationstudyof shape-based
tracking by comparingtrajectorieswith implantedmarkers was reportedby Shi
et al. in [38], who found that the accurag of trackingwaswithin the resolution
of theimagevoxel sizes. Anotherinterestingapproachby Tagare[42] posesthe
mappingproblemin 2D asabimorphismbetweertwo curves,thuseliminatingthe
basicasymmetryin thetrackingprocessThis hasnot beenextendedo 3D yet.
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Figure 12.7: One slice from a volumetric dataset obtained using magnetic resonance phase
contrast. The magnitude image is shown in the top left image. The other images show the
magnitudes of the velocity in the X, Y, and Z directions, respectively.

In generalall of the methodsheredependon anaccurateseggmentatiorof the
LV walls, but have the adwvantageof beingimaging modality independent.They
have beenusedon MR, CT [38], and 3D ultrasound[43]. The dependenc on
obtainingan accuratesegmentationhowever, remainsa signi cant issue,asthere
still areno fully automatedohustandefcient LV surfacesggmentatiormethods.
Theaccurag of the LV segmentatiomeededor thesemethodgo be successfuis
obviously greaterthanin the caseof methodsusingMR tagging. Thisis because
the surfacesthemseles provide the features,as opposedo being boundingsur
faceswithin which to searchfor intersections.We will examinea shape-tracking
approachn moredetail,in the casestudyin Section12.5.

Therehasbeensomework doneon usingthe intensity of the imagesdirectly
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Figure 12.8: Example of the shape-tracking approach. The goal is to map the original
surface to the nal surface. For a point  on the original surface, a window  of plausible
matching points on the nal surface is generated. Then, the point in that has the
most similar shape propertiesto  is selected as the candidate match point. The distance
function for shape similarity is typically based on the curvature(s).

to trackthe LV. SongandLeahy[44] usedthe intensityin ultrafastCT imagesto
calculatghedisplacementlds for abeatingheart.Thisis similarin scopeto some
of thework donewith MR tagging(e.g.,[19]), but it doesnot have the advantage
of a speciallymodulatedmage.

12.4 Modeling usedfor interpolation and smoothing

In generaltheinitial displacementlds producedy themethodsliscussedh
the previous sectionhave the following characteristics:

They aresparse Displacementand/orvelocitiesareonly availableatcertain
pointsandnotfor thewhole of themyocardium.

They arenoisecorrupted Thisis aninherentproblemin all medicalimage
analysismethodsalthoughthelevel of noiseis very methoddependent.

They maybe partial. Evenwheredisplacementand/orvelocitiesareavail-
able,only a certaincomponenbf the displacementectormay be known.

The estimationof accuratemyocardialdeformationrequiresa dense smooth,
andcompletedisplacementeld. Thisis becaus¢he deformationis typically cap-
turedin termsof the strainthatis a function of the derivativesof the displacement



Modelingusedfor interpolationandsmoothing 687

eld. The processof taking derivativesis very noisesensitve, andthis is what
makesthis problemso challengingas comparedo simply estimatingthe volume
of theLV whichis anintegral measurendhencerelatvely lesssensitve to noise.

The interpolationand smoothingof the displacementeld hasbeenattacled
in a numberof ways. This stepessentiallyconstituteshe modelingstep,andit
is data-independentThe modelscontainimplicitly or explicitly the assumptions
madeaboutthe displacementeld. All of the“models” currentlyusedin this area
arepassie; they ignorethe factthatthe heartis anactively contractingorganand
nota passie lump of tissue.Someof the modelingstratgjiesare

Imposearegularizationconstrainthatpenalizeshespatialderivatives,either
explicitly, asin [17,19,45], or combinedin somecaseswith anisochoric
constraint [17,44]. Thisis furtherdevelopedn theuseof explicit continuum
mechanicsnodels which behae asregularizersasin [1, 38,46].

Model the displacementeld by using a smoothspatial parameterization
suchasafne [33,47] or splines[14,15]. This methodis usedmostoften
whendisplacementeld modelingandtagextractionarecombinedn a sin-
gle step,andis driven by the easeof parameterizinghe geometry

Useof temporalsmoothnessr damping[1, 37,42,48] andtemporalperiod-
icity constraintg41].

In asenseall of the abore methodgtry to penalizethe derivatives of the dis-
placementgitherin spacetime, or both. We note that imposinga polynomial
distribution suchasan afne modelis equvalentto settingall dervatives higher
thanacertainorderto zero. Thisis alimiting caseof penalizingspatialderivatives.

Spatial smoothnessconstraints. The applicationof spatial smoothnesson-
straintsrelies on the intuition that given that the myocardiumis a single object,
its displacementeld canbe expectedto be smooth. If thisis violated,thenthe
tissuewould tearapart. Therefore high valuesof derivativesin the displacement
eld (or equialently high frequeng componentsf its Fourier transformin the
spatialsensejrelikely to be the resultof noise. This resultsin methodsthat pe-
nalizethe spatialderivatives,asin the optical o w methodproposediy Horn and
Schunk[49]. In this case,the optimal displacementeld is found as a trade-of
betweensatisfyingthe gradientconstaint equationand a regularizationterm as
follows:

— - (12.3)

1The myocardiumis consideredo be nearlyincompressiblandthe isochoricconstraintries to
enforcethisincompressibility
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wherethe s the displacementector eld over a space thatcanbe two- or
three-dimensional,is time,and representtheimage.

The gradientconstrainterm essentiallytries to matchpoints of
equalintensityandis the dataterm,whereaghe sumof squaredierivativesmulti-
pliedby thesmoothnestactor constitutesheregularizingterm. Theregularizing
termcanbethoughtof asamodelterm,asit containsnoimage-relateéhformation.
It capturegheauthors'prior beliefin the propertiesof thedisplacementeld.

This framework is usedin mary of the approachesdescribeckarlier although
it is adaptedo eithermatchthe dataor the prior information. For example,in the
caseof thevariable-brightnesoptical o w method[18,19], thegradientconstraint
termis replacedoy a differentmeasureahatallows for thefadingin thetagpattern.
In amoregeneralcase the gradientconstrainterm canbe replacedby animage-
dataadherencéerm. Thistermtriesto nd adisplacementeld thatstayscloseto
somepre-«isting displacemenéstimate®btainedoy usingapproachesdescribed
in Section12.3. For example,if anestimate of thedisplacementeld exists,we
couldmodify theHorn andSchunkframework asfollows:

— (12.4)

We canexpandon this modelby alsousinganisochoricconstrainthattriesto
penalizevolumechangesaswasdonein [17,44]. Thistakestheform andis
motivatedby thefactthatthe myocardium— like mostsoft tissue— is thoughtto
be approximatelyincompressibfe Alternativesalsoincludethe useof thin-spline
enegy terms[15] or b-splineterms[14].

The combinationof the smoothnessnd isochoric terms describesthe my-
ocardiumin termsof whatis essentiallyan internalenegy function. Continuum
mechanicsnodelsof the myocardiumasfoundin the biomechanicditerature[50]
are also describedas internal enegy functions, which also essentiallypenalize
derivatives. So, it is a naturalstepat this point to try to bring someof this know-
ledgeinto the inverseproblemof motion estimation. To do this, the regulariza-
tion termis replacedby an explicit mechanicamodel, which in mostcasess an
isotropiclinearelastic[1,37,48] andin the casestudywe will consideiit astrans-
verselyisotropic. This allows for usto accountfor the preferentiaktiffnessof the
myocardiumalongthe ber directions. It is interestingto notethat, from contin-
uummechanicsheory[51], aninternalenepgy functioncandescribearealmaterial
if andonly if it is invariantto rigid translationandrotation; otherwise this mate-
rial violatesthe secondaw of thermodynamicslt canbe shavn thatthe classical
modelof Horn andSchunkis notinvariantto rotationandwould fail this criterion.
Thisis dervedin the Appendix.

2Thereis in factsomechangen volume,dueto blood o w (reperfusion)nto thewall, but this is
consideredo besmall.
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If wediscretizeEq.(12.4),differentiatet with respecto , andconcatenatall
theindividual displacements into a large vector , we canwrite thegeneralized
expression:

(12.5)

where is the assemblednatrix of local derivative operators(asin [23]) and
is sparse. This containsthe model constraintshat can be derived eitherfrom a
regularizationterm or an explicit continuummechanicsnodel. is the external
driving force that tries to deformthe modelto adhereto the imagedata. This
equationis mosteasily solved usingthe nite elementmethod[52] , in casesof
comple geometryandespeciallyin threedimensions.

Temporal smoothnessonstraints. Therearetwo typesof temporalsmoothness
constraintsn theliterature.In the rst casewe have anexplicit temporal Itering
schemaappliedto individual displacementsThis is primarily, but not excluswely,
donein the casewheretheinput datais dervedfrom phasecontrastvelocity. In the
work of Meyer [33], a Kalman- ltering approachs usedto smooththe displace-
ment eld. Zhu[35] andMcEacheri41] parameterizéheproblemin thefrequeng
domainby expandingthe displacementf anindividual point over time in termsof
Fourier seriesandtry to take adwantageof the periodicity of the left-ventricular
motion.

The secondcaseinvolves extendingEq. (12.5) to includedynamics. This re-
sultsin thefollowing generalizedxpression:

(12.6)

where isamassmatrixand isadampingmatrix. This approachalsoresults
in aform of temporalsmoothingwhichis motivatedby similar approachem con-
tinuum mechanics.In the work of Park et al. [48], this wasreducedto

by ignoringthe massmatrix andsettingthe stiffnessto 0. In [1], the stiffnessterm
is alsopresered. Thefull dynamicalmodelis emplosedin Shi[37]; in this case,
both shape-basedisplacementandphase-contrastelocity informationareused.
The full dynamicalmodelis alsousedin work donein the computervision and
graphicscommunitiesdby Metaxasand Terzopoulog53].

We notethat Pentland54] andNastar[55] alsousethis approachand, by ig-
noring the dampingterm, reduceit to a modal nite elementequationwhich pa-
rameterizeshe deformationin termsof the eigenmode®sf the stiffnessmatrix
In bothof theseapproachediowever, thereis no explicit notionof correspondence
betweemmaterialpoints,andthe displacementarefound usinga global distance
measure.
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12.5 Casestudy: 3D cardiac deformation

In orderto furtherclarify the moregeneraktatementsf the previoussections,
in this sectionwe describeoneapproacho estimatingthe regional deformationof
theleft ventriclefrom magneticesonancémages.lt hasbeenpreviously reported
in [43,46]. We usea biomechanicainodelto describeéhe myocardiumandshape-
basedrackingdisplacemengstimate®ntheepi-andendocardialwallsto generate
the initial displacemengestimates.Theseareintegratedin a Bayesianestimation
framework, andtheoverall problemis solvedusingthe nite elemenimethod.This
methodproducegjuantitativeregional 3D cardiacdeformationestimatesWe also
shaw resultsfrom 3D ultrasoundiatathatillustratesheversatilityof thisapproach.

12.5.1 Obtaininginitial displacementata

In thiswork, we usedbothmagnetiaesonancandultrasoundmageghatwere
acquiredasfollows:

MR images. ECG-gatednagneticresonancémagingwas performedon a GE

Signal.5 TeslascannerAxial imagesthroughthe LV wereobtainedwith thegra-
dientechocinetechnique.Theimagingparametergveresectionthickness= 5 mm,

no intersectiorgap,40cm eld of view, TE 13 msec, TR 28 msec, ip angle30 ,

0 w compensatioim thesliceandreadgradientdirections, matrix, and
2 excitations.Theresulting3D imagesetconsistof 16 2D imageslicespertempo-
ral frame,and16 temporal3D framespercardiaccycle. Thedogswerepositioned
in the magneticresonancescanneifor initial imagingunderbaselineconditions.
Theleft anteriordescendingoronaryarterywasthenoccludedcreatinganinfarct
region wheretherewas mechanicaldisfunction,and a secondsetof imageswas
acquired An exampleof suchanacquisitionwasshavn in Fig. 12.2.

Ultrasound. TheimageswereacquiredusinganHP Sonos5500UltrasoundSys-
temwith a 3D transduceTransthoraci©OmniPlane21349A (R5012)). The 3D
probewas placedat the apex of the left ventricle of an open-chestlog using a
small ultrasoundgelpad(Aqua ex) asa standof. Eachacquisitionconsistedof
13 to 17 framesper cardiaccycle dependingon the heartrate. The angularslice
spacingwas5 , resultingin 36 imageslicesfor eachframe.

Image segmentation. Theendo-andepicardialsuriaceswereextractedinterac-
tively usinga software platform[56]. This platformwasoriginally developedfor
MR imagedataandsubsequentlynodi ed to allow for the differentgeometryand
imagecharacteristic®f ultrasound. For the automatedpart of the segmentation,
we usedanintegrateddeformableboundarymethodon a slice-by-slicebasis. The
externalenegy function of the deformablecontourconsistedof the standardn-
tensitytermand,in the caseof ultrasoundmages a texture-basederm similar to
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End-Systole 3D wireframe in ima ge cards rendering

Figure 12.9: Ultrasound images and superimposed extracted contours. Only two of the
eight frames are shown. The 3D rendering on the right shows all the wire-frame contours
superimposed on a long axis (original) and a short-axis (interpolated) image slice.

the integratedmethodproposedn [57]; althoughin our case the contourswere
parameterizedsb-splinesto allow for easyinteraction.

Shape-trackingdisplacementestimates. Inthiswork,theoriginaldisplacements
ontheoutersurfacesof themyocardiumwereobtainedoy usingthe shape-tracking
algorithmfor which detailswerepresentedn [38]. The methodattemptsto track
pointson successie surfacesusinga shapesimilarity metricthattriesto minimize
the differencein principal curvatures,and was validatedusing implantedmark-
ers[38].

For example,considemoint  onasurfaceattime , whichis to be mapped
toapoint onthedeformedsurfaceattime . First, a searchis performedin a
physicallyplausibleregion onthedeformedsurface,andthepoint  thathas
the local shapepropertiesclosestto thoseof  is selected.The shapeproperties
arecapturedn termsof the principalcurvatures and . Thedistancemeasure
usedis the bendingenegy requiredto benda curved plate or surfacepatchto a
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newvly deformedstate.Thisis labeledas  andis de ned as

(12.7)

Thedisplacemengstimatevectorfor eachpoint is givenby

Con dence measueesin the match. Thebendingenegy measuremerfor all of
the pointsinsidethe searchregion arerecordedasthe basisfor measuringhe
strengthanduniquenessf thematchingchoices.Thevalueof theminimumbend-
ing enepy in thesearchregion betweerthe matchedoointsindicateshe goodness
of the match. Denotingthis valueas , we have thefollowing measuremeribr
matchinggoodness:

(12.8)

Ontheotherhand,it is desirablghatthe chosermatchingpointis a uniquechoice
amongthe candidatgointswithin the searchwindow. Ideally, the bendingenegy
value of the chosenpoint shouldbe an outlier (much smallervalue) comparedo
the valuesof the restof the points. If we denotethe meanvalue of the bending
enegy measuresf all the pointsinsidewindow exceptthechoserpointas
andthestandardleviationas , we de ne theuniquenesseasures

(12.9)

This uniquenessneasurehasa high valueif the bendingenepgy distance to
the choserpointis large comparedo somereferencevalue(meanminusstandard
deviation of the remainingbendingenegy measures)Combiningthesetwo mea-

surestogetherwe arrive at onecon dencemeasue for the matchedpoint
of point
(12.10)
where , and are scalingconstantfor normalizationpurposes.

We normalizethe con dencesto lie in therange0 to 1.

Modeling theinitial displacementestimates. Givenasetof displacemengector
measurements andcon dencemeasures , we modeltheseestimategproba-
bilistically by assuminghatthe noisein the individual measurements normally
distributedwith zeromeanandavariance equalto —. In addition,we assume
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thatthemeasurement@reuncorrelatedGiventheseassumptionsye canwrite the
measuremergrobabilityfor eachpointas

S (12.11)

12.5.2 Modelingthe myocardium

The passie propertiesof the left-ventricularmyocardiumare capturedusinga
biomechanicaimodel. We useananisotropidinearelasticmodel,which allows us
to incorporateinformationaboutthe preferentialstiffnessof the tissuealong ber
directionsfrom [58], which areshavn in Fig. 12.10. The modelis describedn
termsof aninternalor strainenegy function.

De nition of strain. Considera body , Which aftertime movesandde-
formsto body . A point X on goesto apoint on andthetrans-
formationgradient is de ned as . The deformationis expressedn

termsof the straintensor . Becausahe deformationgo be estimatedn this work
arelargerthan5%, we usea nite strainformulationimplementedusinga loga-
rithmic strain , which is de ned as . Sincethe straintensoris a
symmetricsecond-rankensor(matrix), we canrewrite it in vectorform as
. Thiswill enableusto expresshetensorequationsn

amorefamiliar matrix notation.

Strain enemy function. The mechanicalmodel can be de ned in termsof a
strain enegy function. The simplestuseful continuummaodelin solid mechan-
ics is thelinear elasticonethatis of the form , Where
isa matrix and de nes the materialpropertiesof the deformingbody and
is the strainvectorthatis afunctionof thedisplacementTheleft ventricleof
theheartis speci cally modeledasatranserselyelasticmaterialto accounfor the
preferentiaktiffnessin the ber direction,by usingthis matrix

(12.12)
where is the ber stiffness, is cross- ber stiffness, are the corre-
spondingPoissors ratios, and is the shearmodulusacross bers. (

). If and , this modelreduceso the more

commonisotropiclinearelasticmodel. The ber stiffnesswassetto be  times
greaterthanthe cross- berstiffness[58]. The Poissors ratioswerebothsetto
to modelapproximatencompressibility
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Figure 12.10: Fiber direction in the (canine) left ventricle as de ned in Guccione et al. [58].

A probabilistic description of the model. As previously demonstratetly Chris-
tenseretal.[59], thereis acorrespondendeetweeraninternalenegy functionand
aGibbsprior. If themechanicamodelis describedn termsof aninternalenegy
function , Where representshe materialpropertiesand thedisplace-
ment eld, thenwe canwrite anequivalentprior probability densityfunction
[seeEq.(12.14)]of the Gibbsform:

(12.13)

12.5.3 Integrating the dataand modelterms

Having de ned both the dataterm [Eq. (12.11)] and the model term [Eq.
(12.13)]in termsof probability densityfunctions,we naturally proceedto write
the overall problemin a Bayesianestimationframewvork asfollows: Given a set

of noisyinputdisplacementectors , theassociatetioisemodel (data
term), and a prior probability density function (modelterm), nd the best
outputdisplacements that maximizethe posteriorprobability . Using

Bayes'rule we canwrite

(12.14)

Theprior probabilityof themeasurements is aconstanbncethesemeasure-
mentshave beenmadeandthereforedropsout of the minimizationprocess.
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Taking logarithmsin Eqg. (12.14) and differentiatingwith respectto the dis-
placementeld resultsin a systemof partial differentialequations.Whendis-
cretized,this systemof equationshasthe sameform as Eq. (12.5), with the
matrix beinga function of the mechanicamodelandthe geometryand afunc-
tion of thedatavariancesThisis solved usingthe nite elemenimethod[52]. The
rst stepin the nite elemenimethods thedivisionortessellatiorof thebodyof in-
terestinto elementsthesearecommonlytetrahedrabr hexahedraln shape.Once
thisis done,the partial differentialequationsarewritten down in integral form for
eachelement,andthenthe integral of theseequationsover all of the elementds
takento producethe nal setof equationsFor moreinformation,oneis referredto
textbookssuchasBathe[52] . The nal setof equationgs thensolvedto produce
the outputsetof displacements.

For eachframe betweenend-systolg ES) and end-diastolg ED), a two-step
problemis posed:(a)solvingEq.(12.14)and(b) usingamodi ed nearest-neighbor
techniqueto map the position of all points on the endo-and epicardialsurfaces
so they lie on the endo-and epicardialsurfacesat the next frame, and solving
Eq. (12.14)oncemore using this addedconstraint. This ensureghat thereis no
biasin the estimationof theradialstrain.

12.5.4 Results

In this section,we presentesultsfrom the applicationof this methodologyon
multiple (16) setsof multiple time-framesequencesf in vivo left-ventricularMR
images.Theseconsistedf eightcanineexperimentsvhereimageswereacquired
beforeandafter coronaryocclusion. Thesewill be referredto asthe normaland
postocclusiorstudies. We alsopresenisomemore preliminaryresultsfrom three
canineexperimentasingultrasoundmages.Of these pnewasa normalstudyand
the othertwo werepostocclusiorstudies.

In bothcasestheimagesweresagmentednteractively using[56] andthe sur
facessampledo  voxelresolutionatwhichpointcurvaturesverecalculatedand
the shape-trackinglgorithmwasusedto generatanitial displacemenestimates.
The heartwall wasdivided into 1,000-2,00thexahedralelementgdependingon
the geometry),andthe anisotropidinear elasticmodelwasusedto regularizethe
displacementsThe computationatime afterthe segmentatiorwason the orderof
2—-4 hrs/dog(dependingon the heartrate and hencethe numberof imageframes)
on a Silicon GraphicsOctanewith an R10000195 MHz processomland 128 MB
RAM.

For the purposeof analyzingthe results,the left ventricle of the heartwas
dividedinto a numberof cross-sectionalicesdependingon its sizeandthe post
morteminformationto which it wascompared.Slice 1 waslocatedat the bottom
or ap& of the ventricle. Eachslice wasfurther subdvidedinto 4 or 8 sectors;an
exampleis shavnin Fig. 12.11.
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(a) Three-dimension al rendering of
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in alternating colo rs. used in reporting b oth blood flow and strains .

Figure 12.11: Typical division of the left ventricle into slices and sectors for the purpose of
reporting results.

Normal MRI preocclusiorresults. Forreportingpurposestheleft ventriclewas
dividedinto threeslices,eachconsistingof four sectors.We obsered unlformlty
of radial (R) andcircumferential(C) strains(ranges: to ;
to ). Regional LV strainsand shearswere consistent
amongdogsandcomparablgo valuesderived using bothimplantedmarkersand
MR tagging[60]. An exampleof radialstraindevelopmentis shawn in Fig. 12.12.

PostocclusionMRI results. Here, the ventricle was divided to have the same
numberof slicesastheoriginalimagessoasto correspondvith postmortenhisto-
chemicalstainingmapsof theactualinjury zone.Eachslicewasfurthersubdvided
into eightsectors.Thehistochemicastainingmapswereusedto labelthesesectors
asoneof four categories:infarcted(INF), mixed(MIX), adjacen{BD), andnormal
(NL). Giventhe relative uniformity of the radial and circumferentialstrainsfrom
the normaldataset,we testedwhetherary of the straincomponentasestimated
in the postocclusiorstudiescould be usedto discriminatebetweerthesedifferent
classegINF, MIX, BD, NL). Wefoundthatthecircumferentiaktraindiscriminated
all myocardialkegionsto alevel of signi cance . Thisdemonstratethatthis
methodologycanbe appliedto discriminatedifferentregionsnonirvasiely. This
is illustratedgraphicallyin Fig. 12.13.An exampleof radial straindevelopmentn
apostocclusiorneartis shavnin Fig. 12.14.

Ultrasound results. In two of thethreestudiesa coronaryocclusioncreatedan
areaof disfunctionthatwe call therisk area.Regionalblood o w in the heartwall
wasdeterminedisinga radio-labelednicrospheraechniqug61]. Theblood- ow
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Frame 1 (ED) Frame 3
Frame 5 Frame 7
Radial strain with respect
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Scale: positive str  ain defined
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Frame 9 (ES )

Figure 12.12: Radial strain development in a section of a normal left ventricle, as estimated
from MRI data. Normal behavior is exhibited, which is thickening (red). The strain pattern is
calculated throughout the left ventricle, but it is harder to visualize the full 3D picture, so a
2D cut is shown instead. (For a color version of this Figure see Plate 15 in the color section
of this book.)
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Figure 12.13: Plot showing average circumferential strain for different functional zones, as
estimated from eight postocclusion MR data sets. The zones were identi ed using post-
mortem information

measurementare usedto identify the risk areaand play no further role in this

work. Theheartwasdividedinto four slices,andeachslicewasfurthersubdvided

into eightsectorsasshavn in Fig. 12.11.A sectorwaslabeledasbeingin therisk

areaif theendocardiamircrosphereo w waslessthan0.25ml/min/g. Thenormal
regionwasde ned by vetransmurakectordocatedin theposteriodateralwall at

the baseof the heart(sectors5, 6, 7 of the basalslice,andsectorss and7 of the

midbasaklice). In the normalterritory, the averagestrainswereradial and
circumferential ; thisis in the samerangeasthe valuescalculatedor the

MR-normaldogs. Differenceswere also obsered betweennormal andrisk-area
territories;theinterestedeadeliis referredto [43] for the details.

12.6 Validation of results

The validationof LV motion and deformationresultsis an extremelyimpor-
tantand often ngglectedaspeciof the work in the general eld of medicalimage
analysis.In generalwe needto addresshefollowing questions:

Doesthe imaging modality producean accuratepicture of the underlying
geometryand/ordisplacemenandvelocity?

Doestheanalysisalgorithmextractthesedataaccuratelyandreliably?

Are the resultsmeaningfulfor clinical and/orphysiologicalpurposes?Do
they discriminatebetweerhealthy/disfunctioal regions?
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Frame 1 (ED) Frame 3
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Frame 9 (ES )

Figure 12.14. Radial strain development in a section of a postocclusion left ventricle, as
estimated from MRI data. Note the infarct region on the right colored as blue-green. Com-
pare the change from Fig. 12.12. (For a color version of this Figure see Plate 16 in the color
section of this book.)
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End-Diastole =  End-Systole

-30% 0% 30%

Figure 12.15: A long-axis cut-away sectional view of the left ventricle showing circumferen-
tial (top) and radial (bottom) % strain development in a dog, as derived from 3D ultrasound
data, following left anterior descending coronary artery occlusion (on the lower right half
of the heart). Note the normal behavior in the left half of the heart. There was positive
radial strain (thickening) and negative circumferential strain (shortening) as we move from
end diastole to end systole. The lower right half of the heart, where the affected region
was located, showed almost the opposite behavior, as expected. (For a color version of this
Figure see Plate 17 in the color section of this book.)
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Figure 12.16: MR image of gel phantom with SPAMM (tag) stripes in undeformed state.
From Kraitchman [62]. Courtesy of Leon Axel, University of Pennsylvania.

In generalthe rst two questionsaredif cult to addressn vivo. Often, phan-
tomsareusedwith knowvn shapesnddisplacementsothereis groundtruth infor-
mationwith which to compareary measurement&.g.,[34,62]). An exampleof
thisis shawvn in Fig. 12.16.In Young[63], it wasshawvn that, away from the free
surfacesof the gel-phantoma Rivlin-Mooney [51] analyticmodelaccuratelyre-
producedhe 2D displacemenbdf magnetictags. This shaved agreemenbetween
thetheory(model)andtheimage-dened displacementsdowever, therealin vivo
measurementf the beatingheartusuallypresentadditionalcompleities thatin-
troduceproblemsanot usuallyaccountedor in phantomssuchasfull andcomple
3D motionandfastblood o w throughthe ventricle. Thesecangenerateartifacts
in theimagesandcausesigni cant distortions.

The secondquestionhasbeenattacled in approachedasedon MR tagging
(e.g.,[1, 14,18]) using simulations. One example,shavn in Fig. 12.17,usesa
kinematicmodelof the left ventricularmotion[64] within an MR tagimagesim-
ulator [65] to generatesyntheticimageswith knovn displacementsComparison
with manualextraction hasoften beenusedas the gold standardio validatethe
procesf tagextraction,asin [62].

In the shape-trackingvork of Shi [38], implantedmarkers are usedas the
gold standard. Thesemarkers are physically implantedin the myocardiumbe-
foretheimaging.An MR imageof a heartwith theimplantedmarkersis shavn in
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Figure 12.17. Example of the use of the cardiac simulator [64,65] used to validate methods
based on MR tagging. Left: the undeformed prolate spheroidal model of the LV in the
reference state. Right: a tagged image corresponding to a selected image plane. From
Amini [14]. Courtesy of Amir A. Amini, Washington University, St Louis.

Figure 12.18: 2D MR image slice of left ventricle with implanted markers used to validate
shape-based displacement estimates. From Shi [38].
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Fig. 12.18.This approacho validationtriesto attackthe rst two questionsimul-
taneously Here, algorithm-generatedisplacementare comparedo the marlker
displacements$theseareeasilyidenti able from theimages). This techniquehas
thedisadwantageof comparingrajectoriesn a smallernumberof points;however,
it is doneon real data,asopposedo simulations.

Thethird questioris notaddressechuchin theimageanalysiditerature,quan-
titatively. Often, an exampleof the resultson a normalanda hypertrophicheart
is shawvn andthedifferences'correlated”with otherevidencefrom the cardiology
literature. It is known from both work reportedin the casestudyin this chapter
(seeSectionl2.5)andfrom the work of Croisille et al. [60], that, on average the
changedbetweemormalandabnormakegionsin termsof radialandcircumferen-
tial strainsis on the orderof 10-15%, andmuchsmallerin the caseof borderline
regions. A quick calculationshavs thatin the caseof MR-tagging-basedavork,
wherethetagsaretypically 5 voxels apartat end-diastolethe changen the spac-
ing at end-systolds goingto be around0.5 voxels or less. In the caseof shape-
basedmethodswvherethe whole of the ventricleis used,this numberis somevhat
larger (around0.8voxels). If suchchangesreto bedetectedeliably, andwe were
to ignore accumulatedracking errorsafter the tagsand/orboundariehave been
extracted,we needto be ableto extracttags/boundarieat a precisionof 0.25-0.4
voxel or less.This s currentlybeyondthe performancdevel of all automaticalgo-
rithmsonrealdata;hence manualandsemiautomati@lgorithmsareusedin most
casesln boththecasestudyand[60], thereportedresultsareaveragedveranum-
ber of studies. This may be usefulfor exploring the physiologybut not plausible
for diagnosisunlessheresultsareaveragedover large sectionsof the ventricle.

12.7 Conclusionsand further reseach directions

Themajorproblem/bottleneckn mostof thework presentedn this chapteris
the extractionof featuressuchastag lines andespeciallyleft ventricularsurfaces
from the imagedata. As mentionedn the previous section,thereis arelianceon
manuakndsemiautomatitechniqueso obtainthisinformation. Anotherproblem,
which is lessan issueof imageanalysisand more an issueof medicalimaging
technologyis thedif culty of usingmagneticresonancén a clinical setting. It is
not possibleto imagepatientsin an emegeng room (asis the casefor example
with ultrasound)andmetallic objectssuchaspacemars causeseriousproblems
anddangersvhenplacedin themagnet.

As mentionecearlier mostof the modelsusedto smoothand/orinterpolatethe
displacementeld arepassie; they do notcontainary active contractioninforma-
tion. This canresultin anunderestimatiof thedeformationasthe modelbiases
the resultstoward no change.This wasnotedin the work of Park [48] andis the
reasorwhy no spatialsmoothnessiasemplo/edthere. This, however, is nota suf-
cient solutionto the problem,assomespatialsmoothingis often neededo cope
with the noisein the dataandthe sparseness the imageinformation. A possibly
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bettersolutionwould be to incorporatesomeknowledgeof the active contraction
of theleft ventricleduringthe rst half of the cardiaccycle. This hasthe potential
of eliminatingthebiasproblem,althoughit would introducemoreparameterso be
setor ideally estimatedrom theimagedata.

Magneticresonanceepresents promisingmodality andthe developmentof
improved analysistechniqueswill enhancehe possibilitiesof it beingusedclin-
ically. In the meantimewe notethatimprovementsin 3D echotechnology such
asthe introductionof harmonicimaging[66] and contrastagentg67], are begin-
ning to malke this modality an attractve andsomevhat cheapemlternatve. Some
preliminarywork hasbeenreportedn thecasestudy(seealso[43].) However, sey-
mentingultrasoundmagess avery challengingproblemwhosesolutionwill most
likely requirethe useof temporalaswell asspatialinformation. Someinteresting
feature-gtractionwork wasreportedn [68].

12.8 Appendix A: Comparison of mechanicalmodelsto regularization

In this appendixwe explicitly comparehe internalenegy functiongenerated
by isotropiclinear elasticitywith the equivalentenegy function generatedy the
HornandSchunkregularizer asshavn in Eq. (12.4).

Isotropic linear elasticity. Theinternalenegy functiongeneratedby linearelas-
ticity hastheform:

(12.15)

where is the straintensorwritten in vectorform and is the matrix of elastic
properties.(SeealsoSection12.5.2in the casestudy) In the caseof in nitesimal
linearelasticity thestraintensor is de ned as

o (12.16)

The strainis the symmetriccomponenf the displacemento positionJaco-
bian. Sinceit is a symmetric matrix, we canrewrite it in vectorform as

(12.17)

We canalsode ne the complementensor , Which is the small rotation
tensor asthe antisymmetriccomponenbf this Jacobian.Similarly, we write this
in vectorform as

(12.18)
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Theprinciple of materialframeindifferencel51] stateghattheinternalenegy
functionmustbe invariantto rigid translationandrotation. A sufcient condition
is thatit mustbeafunctionof andnotafunctionof

Relation betweenregularizationand linear elasticity. Theinternalenegy func-
tion usedby Horn andSchunkcanbe rewritten as

(12.19)

This is a function of the small rotationvectorand hencedoesnot satisfythe
principle of materialframe indifference. So this “mechanical’modelis unreal-
izable,which meangthatno materialcould exist with this strainenegy function.
Thisis becauséd contradictdhesecondaw of thermodynamicssincetheinternal
enegy functionis not a function of the deformationalonebut alsoa function of
therotation . If theinternalenegy changesvhena globalrotationis applied,we
arrive at the following problem: Supposeahatwork is neededo rotatethe object
clockwise.Fromconserationprinciples this enegy will bereturnedvhentheob-
jectis turnedcounterclockwise.We cankeepturningthe objectcounterclockwise
to getmoreandmoreenegy, andin this way we have createda perpetualmotion
madine

Therefore onecould de ne all realizablemechanicamodelsasthe subsebf
regularizationfunctionalsthatareinvariantto globaltranslatiorandrotation. View-
ing the problemin this way doesnot malke nding a modelnecessarilyasierbut
it doesprovide away to eliminateinadmissiblemodels.
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