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Abstract

The estimation of soft tissue deformation from 3D image sequencess an important
problem in a number of "elds sud as diagnosis of heart diseaseand image guided
surgery. In this paper we describe a methodology for bridging biomedanical informa-
tion regarding material properties with a Bayesianframework which allows for proper
modeling of image noisein order to estimate thesedeformations. The resulting partial
di®ererial equations are discretized and solved using the nite elemen method. We
demonstrate the application of this method to estimating strains from sequence®f in-
vivo left vertricular MR images, where we incorporate information about the brous
structure of the vertricle. The deformation estimatesobtained exhibit similar patterns
with measuremets obtained from Magnetic ResonanceTagging. An earlier version of
this work will appearin [14].

Keywords: Non-rigid motion analysis, cardiac motion, corntinuum medanics, soft tissue
deformation.



1 Intro duction

There is a classof medical image analysisproblemswherethe goal is the estimation of the
displacemen eld of an object or a group of objects. Examplesof suc problemsare left
vertricular (LV) wall motion estimation such as [11][12] and image guided surgery[q. In
most of theseapplications, only a relatively sparseset of points, often called landmarks can
be reliably followed visually from the image data and the remainder of the estimation task
can be thought of asinterpolation, i.e. given the displacemets of sud landmarks, the goal
isto nd the bestdisplacemets for the rest of the regionof interest. Often enough,howeer,
the displacemen estimatesof the landmarks are corrupted by noise. In this case,the task
becomesan approximation problem, where the now the goal is to estimate a displacemenh
“eld that is closeto the originally estimated displacemets at the landmark points, and
provides reasonablevalueselsewhere.

This approximation problem hastwo componerts, (i) the interpolation componert and
(i) alandmark-displacemet adherencecomponert. The interpolation componert, which is
essetially of modeling task is examinedin section2. In section 3 we transform this inter-
polation model to a Gibbs prior distribution function, which enablesus to use a Bayesian
estimation framework to put the model in touch with the image-baseddisplacemen esti-
mates. In this work, we use shape-baseddisplacemeh estimates as descrilked in section
4. The generalproblem is solved using the nite-element method (section 5), where we
alsopresen resultsregardingthe bias and covariance of the output displacemenh estimates.
Section6 preserts applicationsof this methodologyto the problem of estimating the deforma-
tion of the left vertricle from end-diastoleto end-systoleusing an anisotropic nitely-elastic

medanical model partially incorporating the brous structure of the left vertricle.



2 Mechanical Mo del-based interp olation

The interpolation componert is essetially the solution of a modeling problem, where we
attempt to capturethe relationship betweenthe displacemets of di®eren parts of the region
of interest. There are a number of ways of modeling this relationship with the most generic
one being mathematial regularization. Here the problem is treated as being ill-p osedand
a stabilization functional is usedto make the problem well-posedthus obtaining a unique
solution. For our purposes,we are attracted to a continuum mechanical modeling approad

instead (We note that the two approatesare in fact related; the relationship betweenthem
is examinedin Appendix A), asthis makespossiblethe incorporation of existing theoretical
and experimertal researt in biomedanics,and it providesa growth path for solving more
dizcult problems by naturally invoking more sophisticated/appropriate models. Here a
single object is to be derived from image data and is treated as a medanical body whose
behavior is governedby a set of material properties. Thesematerial properties can be used
togetherwith the geometryof the body to generatea set of partial di®erenial equationsthat

canincorporate the measuremets asboundary conditions. The full approximation problem
can be written asan energyfunctional of the form:

4 4

AN \w@uydv+  N( i Un; U)dv (1)
V Vm

0=

where V is the whole region of interest. V,, is the subsetof points within the volume
where image-derived estimates of the displacemets are available, u is the vector valued
displacemen eld in the regionV, u, are the image-basedestimatesof the displacemenh
“eld, h, are the con dencesin the image-baseddisplacemeh estimatesand W (®; u) is a
positive de nite functional which plays the role of the interpolation strategy. Note that W

dees not depend on the image baseddata(u,,) and it is solely de ned in terms of a vector-



valued set of parameters®. This is e®ectiely the model term. N( ;um;u) is a positive
semi-de nite function which de nes adherenceto the image-baseddata. We will return to
this componert (i.e. N) in more detail in sections3 and 4.

We will derive the model term W by a biomedanical model; this can be descriked in
terms of an internal or strain energyfunction which dependson the deformation of the object
and its intrinsic material properties. There are di®eren classeof sud modelsdependingon
the application; in the caseof the left ventricle we will usean anisotropiclinear elastic model
which will allow us to incorporate information about the prefererial sti®nessof the tissue
along b er directions[5]. If this method were to be applied to image-guidedneurosurgery

for example,one could usea model adapted from [8].

2.1 Deformation and Strain

Considera body B (0) which after time t moves

and deformsto body B (t), asshavn in gure 1. A u+du ‘

point X on B(0) goesto a point x on B(t), and ‘

the displacemen at this point is u which is de ned
B(0) B(t)

by u(t) = x(t) i X. The transformation map F _ .
Figure 1: Example of deformation

is de ned asdx = FdX. F is a composite of a
similarity transformation and the deformation. The deformationis expressedn terms of the
strain tensor2. We will de ne two di®eren formulations for the strain and we will usethe
symbol 2 for the caseswhere either formulation can be used.

In the casesof small deformationsthe standard measureof strain is the in nitesimal
strain tensor €, de ned as: 2}j = %(%i + %). Howewer, becausethe deformationsto be

estimatedin this work are > 5%, the in nitesimal strain tensoris an inappropriate measure



of the deformation and we will be usinginsteada nite strain formulation, the logarithmic
strain 2, which is de ned as: 2t = InIO F:FO

Sincethe strain tensoris a 3£ 3 symmetric 2nd-rank tensor (matrix), we can re-write
it in vector form as, e = [211 2,5 233 215 243 23]° This will enableus to expressthe tensor
equationsin a more familiar matrix notation. We will usethe symbols e- and € to referto

the vector form of the strain tensors2t;2' respectively.

2.2 Strain Energy Function

The medanical model can be de ned in terms of an internal energyfunction that descrikes
the state of the material and is dependen on the internal structure and the temperature.
In the caseof purely medanical e®ects,internal energy depends solely on the material
properties and the deformations and must be invariant to rigid motions as these do not
changethe internal structure. Internal energychangescausedby a transformation F canbe
a function of F only through its deformation componert which is the strain 2, hencethe use
of the term Strain Energy function. The simplestusefulcortinuum model in solid medanics

is the linear elasticone. The internal energyfunction for a linear elastic body is of the form:
W = eCe (2)

whereC is a 6£ 6 matrix and de nesthe material properties of the deformingbody. In the

commoncaseof isotropic linear elasticity, C hasthe form:

2 1 j° j° 0 0 0 3
i 1 ;° 0 0 0
. lgij° j° 1 0 0 0
i1_ Lo i
= E 0O 0 0 201+°9) 0 0 (3)
0O 0 O 0 21+ °) 0
0O 0 ©O 0 0 2(1+ °)

whereE is the Young's modulus which is related to the sti®nessof the material, and °
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is the Poisson'sratio which cortrols the incompressibility.

Next we relax the isotropic condition, that is allow the material to be preferenially
sti® in one direction. This results in a transverselyisotropic elastic material. We will use
this material model to accoun for the prefereriial sti®nessin the b er direction in the left

vertricle. In this case,the matrix C hasthe form:

2 1 i° i %f 3
I
.Ei Epp .%fp 0 0 0
& g 0 0 0
i % pEs i °fpEs 1
cil= E'; EZ Er OO 0 0 (4)
0 0 o %) o o
p
0 0 0 o & o
f
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whereE; isthe b ersti®nessE, is cross- ber sti®nessand °¢ ; °, are the correspnding
Poisson'sratios and G; is the shearmodulus across b ers. (Gy ¥4 E; =(2(1 + °¢,)).
Alternativ ely a di®ere form of W altogether could be used sud as the one from a

Rivlin-Mo oney Material[8].

3 Mechanical Mo dels as Bayesian priors

In the previoussection,the interpolation componert of the approximation strategy(seeequa-
tion 1) was de ned in terms of a medanical model. Howeer, the actual displacemenh es-
timates are corrupted by noise;a natural approad to modeling the noise,is a probabilistic
one through the use of an appropriate probability density function (This noise model will

be usedto derive the secondterm N( ,;um;u) of equation1). Here we are facedwith the
following problem: the information describingthe model is best expressedn terms of con-
tinuum medanicsbut the information regardingthe data is bestexpressedn a probabilistic
manner. There is a needto transform either the material model into a probabilistic setting

or the noisemodel to a medanical setting; we chooseto do the rst.



The strain energy function which capturesthe medanical properties of the deforming
object is connectedto the geometry of the object via the strain tensor. This is inherertly a
local measurewhich measureghe changein the relative distancebetweenadjacer “points' in
the object. Sothe internal energyat any given point is de ned by knowing the location of its
neighbors. The analogin probability density functions is the Markov Random Field, where
the probability of a point in the eld having a certain value, is solely de ned by the values
of its neighboring points. It seemghat the likely candidate probability form to expressthe
strain energyfunction in this domain is the Gibbs distribution.

A Markov random "eld r de ned on a lattice L has a probability density function of
the form p(r) = kexp(i Q(r)), where Q(r) is an energy function de ned with respect to a
neighborhood systemon L (e.g. st order neighbors) and k is a normalizing constart. Since
the strain energy function W (u) from equation 2 is also an energy function de ned with
respect to immediate neighbors only, the displacemen eld u can be treated as Markov
random eld, by setting Q(u)=W(u). Sothe equivalert probability density function of a
material with an internal energyfunction W (u) is: p(u) = kexp(j W(u)). From here we
will usethe standard madinery of Bayesianestimation to generatean optimal estimator, to
recover the original displacemen "eld u from noisy measuremets u,,.

Bayes'rule can be written as

argmax® o 3 PAUUn) _ P(Un=U)P(U) 5)

0= u P(Um) P(Um)

where p(uy,) is the marginal distribution of the measureddata and is a constart oncewe

1This relationship was previously exploited by Christiansen et al[4], Geeet al[3] and others in the cortext
of the image registration problem. In these previous casesthe major motivation for formulations sud as
linear elasticity was for desirable mathematical properties. In our case,the point of interest is clearly the
ability of the modelsto approximate the actual relationships betweenthe displacemerts of material “points'
in soft tissue, since we are dealing with a ‘real' physical object deformation as opposedto a ‘simulated'
deformation.



have the measuremets. p(u,=u) is the probability of obtaining measuremets u,, whenthe
original displacemenh eld had valuesu and is de ned by the noisemaodel. p(u) is the prior
probability of u { the model term and p(u=u,,) is the posterior probability, the probability
of u given measuremets u,,. Maximum a posteriori estimation tries to nd a value of u,
that maximizesthe posterior probability. We can re-write the above expressionby taking
logarithms and ignoring constart terms(p(un)) as:

argmax’

0= logp(um=u) + log IO(U), (6)

Substituting p(u) = W (u) we can re-write this to arrive at the systemequation

argmax’

0= log p(um=u) + W(U), (7)

Looking badk to the generalformulation of equation 1, the secondterm N maps to

N( m;Um;u) = logp(um=u).

4 Incorp oration of image-deriv ed information

Having posedthe problem in a Bayesianframework, we are now ready to discussthe inter-
action of the model with the image-derived data. In our work, the original displacemeits on
the outer surfacesof the myocardium were obtained by using the shape-tracking algorithm
whosedetails wherepresened in [10]. We note that other displacemen data, including that

from magneticresonancdagging [9, 12, 15|, could also be used.



4.1 Shape-Tracking Displacemen t Estimates

The initial displacemets on the outer surfacesof the myocardium were obtained by using
the shape-tracking algorithm. This method tries to track points on successig surfacesusing
a shape similarity metric which tries to minimize the di®erencen principal curvatures and
was validated using implanted markers[1Q].

For example,considerpoint p; on a surfaceat time t; which isto be mappedto a point p,
on the deformedsurfaceat time t,. First, a seard is performeda physically plausible region
W, on the deformedsurfaceand the point P, which hasthe local shape properties closest
to those p; is selected. The shape properties here are captured in terms of the principal
curvatures - ; and - ,. The distancemeasureusedis the bending energyrequiredto bend a
curved plate or surfacepatch to a newly deformedstate. This is labeledasdye and is de ned

as.

Cap) i P2+ (a(p) i - 2(P2)?
2

dhe(PL; p2) = A (8)

The displacemen estimate vector for ead point py, u is given by

argmin h [
ul = pP2i pr ., = g dve(p1; p2)

P2 W,

4.2 Con dence Measures in the match

The bending energymeasuredor all the points inside the seart region W, are recordedas
the basisto measurethe gaodnessand uniquenessof the matching choices. The value of
the minimum bending energyin the seart region betweenthe matched points indicatesthe
goodnessof the match. Denotethis value asmg, we have the following measurefor matching

goodness:

Mg(P1) = dbe(pP1; P2) 9



On the other hand, it is desirablethat the chosenmatching point is a unique choice among
the candidate points within the seard window. Ideally, the bending energy value of the
chosenpoint should be an outlier (much smallervalue) comparedto the valuesof the rest of
the points. If we denotethe mean valuesof the bending energy measuresof all the points
insidewindow W, exceptthe chosenpoint asdy and the standard deviation as¥4., we de ne

the uniguenesaneasureas:

mu(pn) = P (10

This uniqguenessmeasurehasa high value if the bending energyof the chosenpoint is small
comparedto somesmaller value (mean minus standard deviation) of the remaining bend-
ing energy measures.Combining thesetwo measuresogether, we arrive at one con dence

measure c"(p;) for the matched point P, of point p;:

1 1

c" = £
(P) Kig + KagMg(P1) Ky + Kaumu(p1)

(11)

wherekKz.g; K2.g; K1.u, and ky,, are scalingconstarts for normalization purposes.We normalize

the con dencesto lie in the range0 to 1.

Mo deling the initial displacement estimates: Givena setof displacemeh vector mea-
suremers u™ and con dence measuresc™ we model thesesestimates probabilistically by

assumingthat the noisein the individual measuremets us normally distributed with zero

mean and a variance equalto . In addition we assumethat the measuremets are un-

Cm
correlated, although this is an assumptionthat is not strictly correct and we are presenly

working on this. Given these assumptionswe can write the measuremen probability for

ead point as:

(ui u™)?

. 1
p(u™ju) = F’me 292 (12)
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5 Solution using the Finite Element Metho d

The completedescription of both the model and data portions of the problem resultsin an
energy functional(equation 7) which is minimized by di®ereniating it with respect to the
displacemen eld and by then solving the resulting systemof partial di®erenial equations.

There are many methods available for solving this resulting systemof equations. In our
casewe have chosenthe Finite Elemert Method[2] as it is best suited to dealing with the
complicatedgeometriesthat oneencourters in many medicalimaging problems. In addition
stablecommercialsoftware padkagesare available for this application sucy asABA QUS[1]. It
shouldbe emphasizedhat the nite elemen method is a generaltechnique for solving partial
di®erenial equationsand it is not restricted to cortinuum medanicsproblems;though it is
often the method of choicefor these.

The rst stepin the nite elemen method is the division or tessellationof the body of
interestinto elemens; theseare commonlytetrahedral or hexahedralin shape. Oncethis is
done, the partial di®eretial equationsare written down in integral form for ead elemen,
and then the integral of theseequationsover all the elemetts is taken to produce the nal
set of equations. For more information one is referred to standard textb ooks sud as [2].
The nal setof equationsis then solved to producethe output set of displacemets.

Minimizing the functional of equation7 will in generalresultin a setof non-linear partial
di®erenial equations. Howewer underthe following three assumptiongshe resulting equations
are linear: (1) the useof the innitesimal strain tensor €', (2) an internal energy function
W which is quadratic with respect to the strain, this is equivalert to using a linear elastic
solid, and (3) a Gaussianprobability density function for the noise in the displacemen
estimates. In this work, asthe logarithmic Tnite strain formulation e" is usedthe resulting
set of equationsis non-linear despitethe useof a linear-elasticmaterial and a Gaussiannoise

model. The derivation of the full non-linear partial di®eretial equationsis too lengthy for
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the scope of this paper and the readeris referredto Bathe[2] for the detalils.

5.1 Outline of solution for linear case

Even with the use of the logarithmic strain measure,our approad is closely related to
the in nitesimal linear elasticity case. For this reasonit is instructive to examine this
linear casein more detail, asin this casesomealgebraicresults can be derived which add
insight in the behavior of our method. In the caseof a linear elastic model, assuming
in"nitesimal deformation (using the in"nitesimal strain tensor 2'), and a Gaussiannoise

model, the solution of equation 7 can be outlined as follows:

Mo del term: The fundamertal assumptionin the nite elemen method is that the dis-
placemen eld in an elemen can be descriked by the displacemets of the nodes of the

elemerts. In the caseof a hexahedralelemen we approximate this displacemen eld as:

where N; is the interpolation shape function for node i and u; is the displacemen at node
i of the elemen. Next we can write out the total strain energy as the sum of the strain
energiesn eat elemern as:
X z
— t
W (u) = 2'C2 d(Ver)
all elements Vel

Using the in nitesimal approximation we write 2 = Bu whereB is the displacemen to

strain Jacobianmatrix and thus arrive at the nal form of the strain energy:
z

W (u) = X u'[B'CB]Ju d(Ve)

all elements Vel

12



At this point we can re-write this expressionin matrix form by rst de ning the global
displacemen vector U asU = [U1y; Uy Usz; Usx; Uty Usz; 535 Ung s Uny s Unz ]t @nd nis the total
number of nodes. u;, is the x displacemen of node i. We also de ne the global sti®ness

matrix K as:

X Z
K = ( [B‘tg|CBeI] d(VeI))

all elements Vel

Then the strain energyfunction can be re-written as:
W(U) = U'KU (13)

Data term Using the measuremen probability formulation of equation 12 we can write

the global measuremen probability density function as:

logo(u™ju) = (Ui Un)'A(Ui Un) (14)

where U is the global displacemen vector as above. Similarly Uy, is the global version of
the initial displacemen estimatesand A is the inverseof the co-variance matrix. In this
case,as we are assuminguncorrelated measuremets, A is a diagonal matrix consisting of

the con dencesin the individual original displacemets.

Overall Solution We cannow nally rewrite equation7 as:

0 = argmax

Ly (Ui Un)'AU Up)+ U'KU

Di®ereniating this with respectto U and setting it equalto zeroresultsin:

13



(K + A0 = AU, (15)

which is solved by sparsematrix methods to producethe nal solution 0. We can further

re-write this in a form more usablefor algebraicmanipulation as:

0= (K + A)i AU, (16)

It can be seenthat we canscaleboth K and A by an arbitrary scalingfactor and get the
sameresults. If Ai 1 is the covariancematrix of Uy, , then the absolutevaluesof the sti®ness
(K) and the variance(A) are not important but what is important is this unknown constart
which de nesthe relationship betweenthem, which canbe termed as: “how sti®is standard
deviation 1.0 ?', or what is the "equivalent variancefor a Young's Modulus of 75,000?' We

setthe data weight adaptively to be aslarge as possiblesubject to numerical corvergence.

5.2 Bias and Variance of displacement estimates

The formulation of equation 16 can also be usedto derive an estimate of the bias and the
covarianceof the output estimateU asa function of the biasand covarianceof input estimate

Unm. In fact we canimmediately seethat the expectedvalue of O, E (0) is given by:

E(0) = (K + A)' 'AE (Un) (17)

When K is non-zero(itis zero,for example,in [12), i.e. whenthe material actually hassome
sti®nessthis approat producesa biasedestimator of u. In general( will underestimateu
asnotedin [7]. Onepossiblesolution would beto transform the input displacemets and use

insteadU® = Ai }(A+ K)U, which in e®ectwould scalethe input displacemets to accour
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for the bias in the model; unfortunately this is not easyto do in a non-linear formulation.
Another solution is to correct the output estimatesfor this bias directly, using knowledge
from the application at hand; this will be discussedn the next section.

Dening B = ((K + A)i A), we can write the covariancematrix of U, V(0) as:

v(0) = B'V(U,)B (18)

and this is ‘smaller' than the covariance of U, if K in non-zero. In the limiting caseof
nearly-rigid materials K becomesvery large and the covarianceof O becomesvery small. It
is easyto seethat the morerigid the material is, the more con dent one can be about the
displacemen estimates,this is preciselythe reasonwhy rigid-motion estimation is a much
simpler problem than the estimation of non-rigid motion, especially in soft tissues,giventhe

samequality input displacemen estimates.

6 Results

In this sectionwe presen resultsfrom the application of this methodology on multiple (8) sets
of multiple time-frame sequencesfin vivo left-vertricular MR images. ECG-gatedmagnetic
resonancemaging was performed on a GE Signa 1.5 Teslascanner. Axial imagesthrough
the LV were obtained with the gradiert edo cine technique. The imaging parameterswere:
sectionthickness5 mm, no intersectiongap, 40 cm eld of view, TE 13 msec,TR 28 msec,
°ip angle 30 degrees;ow compensationin the sliceand read gradiert directions, 256 x 128
matrix and 2 excitations. The resulting 3D image set consistsof sixteen 2D image slices
per temporal frame, and sixteen temporal 3D frames per cardiac cycle. (In this work we
only usedthe rst nine frames of ead acquisition from end diastole to end systole.) The

dogswere positioned in the magnetic resonancescannerfor initial imaging under baseline
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conditions. The left anterior descendingcoronary artery was then occluded, this created
an infarct region where there was medanical disfunction, and a secondset of imageswas
acquired.

The imageswereinteractively segmeted to extract the endo-and epi-cardial boundaries
using a software platform specially deweloped this purpose[13]. Then points on the corre-
sponding surfaceswere tracked to generatethe input displacemeh data using shape-based
algorithms descriked in [10] as follows: the surfaceswere sampledat 0:5 voxel spacingand
the curvaturescalculatedby tting bi-quadratic patchesaround eat point. Then the shape-
tracking algorithm, which matchespoints by minimizing the bending energydi®erencewas
run. The performanceof this technique was validated by comparing its output with im-
planted marker trajectorieson the left vertricle. (see[1(] for the details). A Gaussiannoise
model was usedto accoun for the noisein the displacemen estimates.

The myocardium was modeled as an anisotropic linear elastic material which was sti®er
in the b er directions[q; theseas shavn in gure 3(a). The tissue was assumedto be 3.3
times sti®eralongthe b er direction, obtained by linearization of the non-linear model from
[5]. A valueof 0:4 wasusedfor the Poisson'sratio?. A diagonalcovariancematrix A wasused
for the shape-tracking displacemets with the con dencevaluesbeing place on the leading
diagonal.

The deformation measureusedwas the logarithmic strain tensor2t in order to allow for
accurate estimatesof deformation > 5%. The corvergencecriterion usedfor the non-linear
analysiswas to assumecorvergencewhenthe maximum displacemen changewas lessthan
0:01 voxels(0.016mm) between iterations. The myocardium was divided into 1000-1500

three-dimensionalhexahedralelemens depending on its shape.

2Fully incompressiblematerials have a Poisson'sratio of 0.5 and this has beentypically assumedfor the
myocardium in the literature. However, our measuremets of the wall volume shaw variations of the order of
10 % during the cycle and for this reasonwe have useda lessrestrictiv e assumption on the incompressibility.
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Figure 2: Division of left vertricle for reporting strain results. In this examplethe heart is
divided into 4 layersead consistingof 8 sectors.

The problemwassolvedin aframeby frame approad for the frameintervals betweenend-
systole(ES) and end-diastole(ED). The biasproblemin this casewassolved by approadting
the problem in a two step fashion for eat time interval: the rst step involved solving
equation 15 normally; in the secondstep the position of all points on the endo- and epi-
cardial surfaceswere adjusted so asto lie on the endo-and epi-cardial surfacesat the next
frame, by usinga modi ed nearest-neigbhor technique, and the model wasusedto interpolate
the displacemets of the interior points. A displacemehn vector map pattern is shovn in gure
3(b). Figure 4 shaws the temporal developmen of radial strain (thickening) in a normal left

ventricle and in the sameanimal after occlusion.

Normal Pre-Occlusion Results For reporting purposesthe left-vertricle in the normal
studies,was divided into three layers consistingof 4 sectorsead; a sthematic of an 8-sector
division of one of the layersis shovn in gure 2. We obsened uniformity of Radial(R) and
Circumferertial(C) strains (ranges;R:158 6%to 238 7%;C:j 98 5%to | 128 2%). Regional
LV strains and shearswere consisteh betweendogsand comparableto valuesderived using

both implanted markersand MR tagging.
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(b)

Figure 3: (a)Fiber direction in the left vertricle from Guccioneet al [5]. (b) Output Dis-
placemen estimatesfrom end-diastoleto end-systole(righ).

Post-Infarct Results In post-infarct studiesa similar schemewas used but we divided
the heart into eight sectorsand as many layers as there were image slicesto correspnd
with post-mortem histochemical straining mapsof the actual injury zone. Thesehistochem-
ical mapswere usedto divide the post-infarct heart into myocaridal segmets (¥.80/heart).
Thesewerelabeledasinfarcted (INF), mixed (MIX), adjacert (BD), and normal (NL) based
on the histochemical staining. Given the relative uniformity of the radial and circumferen-
tial strains from the normal data-set we tested whether any of the strain componerts as
estimated in the post-infarct studies could be usedto discriminate betweenthese di®eren
classes(INF,MIX,BD,NL). We found that the cicumferertial strain discriminated all myocar-
dial regionsto a level of signi gance< 0:05. This demonstratedthat this methodology can

be applied to discriminate di®eren regionsnon-invasiwely.
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Figure 4. Radial Strain Dewvelopmern in a sectionof a normal left-vertricle (left) and post-
occlusion(right). Normal behavior is thickening (red). Note the infarct region on the right
coloredas green-blue.(The strain pattern is calculatedthroughout the left vertricle, but it
is harder to visualizethe full 3D picture soa 2D cut is shovn instead.)

7 Conclusions

In this paper we have described a methodology for the estimation of deformation from se-
guence®f 3D imagesof individual objects, sut asthe left vertricle. We believethat the best
approad to this probleminvolvesthe modeling of the medanical properties of the object ex-
plicitly in the languageof cortinuum medanics, asthis makespossiblethe incorporation of
existing theoretical and experimertal researt in biomedanics,and it providesa growth path
for solving more dixcult problems by naturally invoking more sophisticated/appropriate

models. In this work for example,in the caseof the left vertricle we wereableto easilytake
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advantage of knowledgeof b er orientation to createa model of the heart that is anisotropic
and accours for more of the actual properties of the tissue; had we beenusing a general
regularization approad this would have beenmuch harder and would involve tuning many
more constarts in a lessmethodical manner. In the future, in the caseof the left vertricle,
we hope to usea non-linearmedanical model which will capturethe "hardening'of the tissue
asit is stretched, especially in the b er direction. We also note that the only part of this
work that is speci c to the left vertricle is the particular strain-energyfunction descriked in
equations2 and 4. By substituting an appropriate matrix C in equation 2 in the caseof a
linear elastic material or a di®eren form of W in equation 2 altogether, this method can be

usedto estimate the deformation of other deformableobjects.
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App endix A: Comparison of Mechanical Mo dels to Reg-
ularization

Mathematical regularization methods have traditionally beenusedin computer vision in
many problemsincluding the estimation of non-rigid motion. Theseregularization strategies
have generally embodied conceptssud as cortinuity and smoothnessof the motion eld.
The most commonformulation is of the form:

argmin®? ‘ X @ 2

0= (Ui up)?+ Wodv W, = —L 19
u Vm(lm) SVV 2 2 ' @j ()
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which in two dimensionsis the sameas the one used by Horn and Scunk[6]. W, is the
stabilizing term which is derived from Tikhonov-regularization theory and ensuresthat the
equationis well-posedand thus has a unique solution by trying to to keepthe displacemen
“eld as smooth as possible. Here the resulting motion eld @ can be interpreted as the
tradeo®subject to the choiceof the weighting constarts , and , betweenadherenceo the

original estimatesu,, (the “data’) and keepingthe "eld assmooth as possible(the “'maodel’).

Relation between Regularization and Linear Elasticit y: To facilitate a compari-

son, we rst expressthe regularization functional W,, de ned in equation 19, in terms of

the innitesimal strain tensor ', and the related tensor! ' de'ned as: ! || = : %ﬁi %).
In the caseof small deformations and rotations, ! ' is the small rotation tensor that de-

scribes the average rotation of the body. It can also be re-written in vector form as
W= vt i riorigtin a similar fashionto the strain tensor. We can now, by
introducing a diagonal matrix D rewrite W, as: W, = (¢ + [{)!D(€ + ).

This now appearssimilar to the internal energyfunction generatedfor linear elasticity
and in nitesimal deformation(seeequation 2). Note also that this “medanical' model is
unrealizable,i.e. no material exists with this strain energyfunction, asit cortradicts the
secondlaw of thermodynamics, sincethe internal energyfunction is not a function of the
deformation alone but alsoa function of the rotation .2

Therefore,onecouldde ne all realizablemedanicalmodelsasthe subsetof regularization
functionals which are invariant to global translation and rotation. Viewing the problem in

this way does not make nding a model necessarilyeasier,but it does provide a way to

3If the internal energy changeswhen a global rotation is applied we arrive at to the following problem.
Supposethat work is neededto rotate the object clockwise. From consenation principles, this energywill be
returned when the object is turned counter-clockwise. We can keepturning the object counter-clockwise to
get more and more energyand in this way we have created a perpetual motion machine. This is in violation
of the secondlaw of thermodynamics.
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eliminate inadmissiblemodels. It seemgo us,that a better way of generatinga regularization
functional is to use some knowledge of the material properties of the body in question;
casting our problemin the languageof cortinuum medanicswill alsoallow incorporation of

theoretical and experimertal knowledgefrom the eld of biomedanics more naturally.
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