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Abstract. Histogramsareusedto analyzeandindex images.They have beenfoundexperimentallyto have low
sensitivity to certaintypesof imagemorphisms,for example,viewpointchangesandobjectdeformations.Thepre-
ciseeffect of theseimagemorphismson thehistogram,however, hasnot beenstudied.In this work we derive the
completeclassof local transformationsthatpreserveor scalethemagnitudeof thehistogramof all images.Wealso
derive a moregeneralclassof local transformationsthatpreserve thehistogramrelative to a particularimage.To
achieve this, thetransformationsarerepresentedassolutionsto familiesof vectorÞeldsactingon theimage.The
local effect of Þxedpointsof theÞeldson thehistogramsis alsoanalyzed.TheanalyticalresultsareveriÞedwith
severalexamples.We alsodiscussseveralapplicationsandthesigniÞcanceof thesetransformationsfor histogram
indexing.

Keywords: histogram preservation, Hamiltonian transformation, local transformation, weak perspective
projection,paraperspectiveprojection,histogrambasedrecognition

1. Intr oduction

Histogramshave beenwidely usedto represent,ana-
lyze,andcharacterizeimages.Oneof theirinitial appli-
cationsin indexing wasthework of SwainandBallard
for theidentiÞcationof 3D objects(SwainandBallard,
1991).Currently, histogramsareanimportanttool for
theretrieval of imagesandvideofrom visualdatabases
(Niblack, 1993;Zhanget al., 1993;SmoliarandWu,
1995;Bachetal., 1996).Someof thereasonsfor their
wideapplicabilityarethatthey canbecomputedeasily
and fast, they achieve signiÞcantdatareduction,and
they are robust to noiseand local imagetransforma-
tions. Furthermore,in imagesthat contain low level
information, the histogramcanbe usedto character-
izetheimages.Imagesof manmadeenvironmentscan-
not alwaysbe classiÞedusingtheir histogram.Many
manmadeobjects,however, have characteristiccolors
(Swain andBallard,1991).Further, the color proper-
tiesof anobjectmustbeconsideredto makearecogni-
tion systemcomplete.Thatis, asystemshouldbeable

to discriminatebetweenobjectsthataregeometrically
identicalbut havedifferentcolors.

Following the initial work of Swain and Ballard
(1991) various indexing and recognition systems
(Stricker and Orengo,1995; Finlaysonet al., 1996)
basedon histogramswere developed.Several obser-
vationshave beenmadeabout the sensitivity of the
histogramto imagetransformations.Moreprecisely, it
isgenerallyacceptedthatthehistogramis relatively in-
sensitivetoviewpointchanges,andthatit ispossibleto
accountfor scalechangesof its magnitude(Cohenand
Guibas,1999).Moregenerally, severalauthors(Swain
andBallard,1991;Finlaysonetal.,1996)observedthat
histogramsare insensitive even undercertainobject
deformations.

The local and global histogram are also pre-
served under locally orderlesstransformations.One
suchexample is error diffusion. This representation
was analyzedextensively in the context of signal
coding (Anastassiou,1989). GrifÞn generalizedthis
modelandintroducedit into computationalvision as
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scale-imprecisionrepresentation(GrifÞn,1997).Later,
Koenderink and Van Doorn formalized this repre-
sentationinto a locally orderlessmodel for images
(KoenderinkandDoorn,1999).GinnekenandRomeny
discussedseveralapplicationsof the locally orderless
model(GinnekenandRomeny, 2000).Theserepresen-
tationsaretheresultof local anddiscontinuoustrans-
formations.In this work we examine the condition
thatlocalcontinuoustransformationsshouldsatisfyto
preserve thehistogram.

Westudytheinvariancesof histogramswith respect
to transformationsby describingthosetransformations
in termsof vectorÞelds.VectorÞeldsarealsowidely
usedto representimagesandoptical ßow. Primarily,
they are usedto model rigid and non-rigid motion.
Someexamplesareßuid ßow, deformationsof textile
textures,rubberdeformations,andfacemotion(Huang,
1990). In addition,vectorÞeldshave alsobeenused
to model orientedplanartextures(Kassand Witkin,
1987;RaoandJain,1992). ImagevectorÞeldshave
beenexpressedin termsof differentialequations(Verri
andPoggio,1989;Verri et al., 1989).It hasalsobeen
shown thattheprojectionof 3D motionon the2D im-
ageplanecreatesa motion Þeld that canalsobe ex-
pressedin termsof differential equations.In a more
generalcontext, theeffect of vectorÞeldson their do-
mainisrepresentedwith theintegraltheoremsof Gauss
andStokes(Spivak,1965;MarsdenandTromba,1988;
Arnold, 1989).The effect of vectorÞeldson the his-
togramof an image,however, hasnot beenstudiedto
ourknowledge.

Thetopologyof continuousvectorÞeldscanbede-
terminedby the local topology aroundpoints where
theÞeld is zero,namelyÞxed points(Andronov et al.,
1973).Therefore,thedetectionandcharacterizationof
suchpoints is important(Ford et al., 1994;Giachetti
andTorre,1996).SanderandZucker (1992)andKass
andWitkin (1987)detectedÞxedpointsusingthePoin-
carreÕs winding numberof thevectorÞeld (Andronov
etal., 1973;Fordetal., 1994).

In this work we Þrst discusssomegeneraltypesof
transformationsthatpreservethehistograms.Thenwe
studythe effect of continuoustransformationson the
histogramsand relate continuoustransformationsto
continuousvector Þelds. In this context the domain
of theimagesis continuousandcanbemeasuredwith
theLebesguemeasure(Royden,1968).We deÞnethe
histogramin termsof a densityfunctionon grayscale
intensities.This density is derived from the RadonÐ
Nicodym derivative of push-forward of areameasure

on the image to intensities(Royden, 1968). Using
thesemodelswederivethecompleteclassof local im-
agetransformations,given as solutionsof ßow equa-
tions, that preserve the histogramor simply scaleits
magnitude.

In particular, we show that vector Þelds which
preserve the histogram are divergence free and
Hamiltonian(Abrahamand Marsden,1978; Arnold,
1989;Hadjidemetriouet al., 2000).We alsoshow that
Þelds whosedivergenceis constantsimply scalethe
histogram(Hadjidemetriouet al., 2000).Further, we
presentmore generalclassesof continuoustransfor-
mationsthat preserve the histogramrelative to a par-
ticular image.Finally, we analyzethe effect of Þxed
points of the Þeld on the histogram.The resultsare
veriÞedwith severalexamples.We alsodiscussappli-
cationsandthe signiÞcanceof thesetransformations.
Thus,wecompletelydescribetheclassof localcontin-
uoustransformationswith respectto which histogram
recognitionsystemsareinsensitive.

2. General Invarianceof Histograms

To study the invarianceof the histogramwith image
transformationswe note that transformationsbelong
to two classes,namely, discontinuousandcontinuous.
For discontinuoustransformationsit is obviousthatre-
arrangingdifferent regions of the imageby cutting,
pasting,or reßectingcanpreserve thehistogram.Such
transformationspreservetheglobalhistogram.1 In ad-
dition to theseglobal transformations,individual pix-
elscanalsoberearranged.Clearly, permutationsof the
pixels in an imagecanpreserve theglobalhistogram.
If thesepermutationsare donelocally, the local his-
togramsarepreserved.For exampledifferenttypesof
halftoninganderrordiffusion (Ulichney, 1988;Foley
et al., 1996; Anastassiou,1989). GrifÞn (1997) and
KoenderinkandVan Doorn(1999)formalizedthe lo-
cally orderlessimagerepresentation,similar to error
diffusion.They introducedit intocomputationalvision,
and provided a mathematicalmodel for their repre-
sentation.Theseorderlesstransformationsareusually
modeledstochastically(Anastassiou,1989;Ulichney,
1988).

Unlike permutationsof regionsandpixels,many of
thetransformationsthatarisein computervision,such
asprojective transformations,opticalßow, anddefor-
mationsare locally continuous.That is, they are the
resultof continuousvectorÞelds.In thiswork,wewill
examinehistogrampreservingtransformationsthatcan
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beanalyzedinto continuousvectorÞelds.Suchtrans-
formationspreservenotonly theglobalhistograms,but
alsothe local histograms.Somesimpleexamplesare
the translationsand rotations.Thesetransformations
arecalledisometries.Furthermore,thereisamoregen-
eral classof exotic continuouslocal transformations
thatarenotisometries,but still preservethehistogram.
Suchtransformations,beingtheresultof theactionof
continuousÞelds,alsopreserve theimagetopology.

3. Effect of ContinuousVector Fields
on Histograms

Asapreliminarystepwepresentcontinuousmodelsfor
thedomainof theimageandthehistogram.Thesemod-
elsareusefulfor analyticalpurposes.We alsogive an
overview of thepropertiesof continuousvectorÞelds
and the resulting transformations.Then, we discuss
the effect of the vector Þelds on the domainof the
image.Finally, we give several examplesof a partic-
ular type of continuoustransformations,the gradient
transformations.

3.1. ContinuousModelfor theDomains
of theImagesandtheHistograms

We representthe imageby an imageintensity map.
Thedomainof themapis assumedto bespatiallycon-
tinuouswith dimensionsx andy (Spivak,1965).This
intensitymapfor asinglecolorchannelis � : D � � ,
whereD � � 2 is theboundedregiontakenby theCCD
that lies on the imageplane� 2. Similarly, for a color
imagethe intensitymapis � : D � � 3, where� 3 is
a 3D color space,for example,RGB or HSV. Areaof
theimagedomaincanbecomputedwith theLebesgue
measure(Royden,1968;HaaserandSullivan,1971).
Thedomainof themeasurecanbeany countableand
boundedunionor intersectionof regionsof theimage
domain.

Thedensityvalueof a bin in thediscretehistogram
representsthe numberof pixels with values in the
intensity rangeassociatedwith that bin. In our case
the bin densitiesrepresentimage areaand the his-
togramis a continuousdensity. The densityvalueof
a bin associatedwith intensity interval U is the push
forward measure� given by: �� U� �

�
� � 1�U� dxdy.

This is because� � 1(U) is the part of the imagethat
hasintensitieswithin the rangeU, that is, � � 1�U� �
� � x� y� 	 � x� y� 
 � 2 s.t.� � x� y� 
 U� . Therefore,mea-
sure �� U� is a real numberequal to the areaof the
imagedomainthat hasintensitiesin U. For example,

if thedomainU is theintensitiesin theinterval [a, b],
theareain the imagethathasintensitiesin this range
is given by �� [a� b]� �

�
� � 1� [a�b]� dxdy.

Thederivative of �� U� with respectto b happensto
betheRadon-Nycodimderivative q of � asa measure
(Royden,1968)andgivesthehistogramasacontinuous
density. Therefore,

�� U� �
�

� � 1�U�
dxdy �

�

U
q� dr (1)

wherer is a variableof intensitiesandU � � is a set
of valuesof r . Formally:

DeÞnition1. A histogramis theRadon-Nikodymde-
rivative of thepushforwardof Lebesguemeasurevia
theintensitymap(image).

The deÞnition of the histogramin Eq. (1) canbe ex-
tendedfor 3D color spaces.For example,to extend
to RGB space,insteadof integrating over the single
grayscaledimensiondr, as in Eq. (1), we shouldbe
integratingover thethreecolordimensionsdrRdrGdrB.

3.2. BackgroundonVectorFields

Thedomainof an image� canbemorphedto give a
new image �� . An interestingclassof morphismsare
therubberdeformations(Andronov et al.,1973).Such
deformationscan stretchthe domainat one or more
points,squeezeit, or locally changeits shapeandsize.
They cannot,however, tear, fold, or reßectthedomain.
Also, they do not createor destroy new regions.The
vectorÞeldscausingrubberdeformationsmustbeone-
to-oneandcontinuous.More precisely, they mustbe
twice differentiable,C2. The mappingpreserves the
topology of the image.It also maintainthe intensity
valuesof theregions.

Thisclassof deformationscanbeexpressedin terms
of ßow equationswhosesolutions(Spivak,1965)give
riseto familiesof tranformations.A family or pathof
transformations� t is expressedas � t � 
x� : D � � 2,
where 
x � � x� y� 
 D is a point in the imagedomain,
andt 
 � is the parameterof the transformation.We
assumethat t canvary continuouslyto give rise to a
continuousincrementalprocessof inÞnitesimaltrans-
formations.Transformationsthatarisein this manner
satisfy several properties.Clearly, they are differen-
tiableandgivebacktheßow relationsd

dt � t � X, where
X is a vectorÞeld. Further, they includethe identity
transformation,� 0 � Id, acompositionof two transfor-
mationsgivesanew transformation� s � � t � � s� t , and
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they areinvertible.The inverseof � t is given by � � t .
This is becaused

dt � t � d
dt � � t � X � X � 0 is equalto

zero.In otherwords,animagemorphedby adifferen-
tiable Þeld canbe transformedto give backthe orig-
inal image.Transformationsthatsatisfytheseproper-
tiesform agroup(Rose,1994).Somemembersof this
groupsare rotations,scalings,andothermoreexotic
transformationswedescribebelow.

The transformationsof the imagescan be repre-
sentedas an operation,or action (Rose,1994), of a
groupof transformationsof � 2 on images.An image
map� : D � � asa resultof theactionof a transfor-
mationbecomes�� : D � � . In thiswork wewill show
that to studythe effect of transformationson the his-
togramof animageweonly needto studytheeffectof
thecorrespondingvectorÞelds(Spivak,1965).

3.3. Effectof VectorFieldson ImageDomain

We would like to understandhow transformationson
the planeaffect the domainof the imageandthe his-
togram.In general,a vectorÞeld X changesthe area
of animageandits histogram.To show this we break
uptheimageinto differentialregionsdxdy. Thediffer-
entialregionsthatßow alongthestreamlinesof aÞeld
in generalchangetheirsizeanddeform.This is shown
in Fig. 1 wheretheÞeld actingon theimageincreases
theareaaroundpointO. Thedifferentialregionsdxdy
thatßow alongthestreamlinesfrom an initial point I
closeto point O to a Þnal point F fartherfrom point
O increasetheir size.Formally, the rateof changeof
areaperunit areais calleddivergence.Also, theÞnal
sizeof differentialregionsis obtainedby multiplying
theinitial sizeby thedeterminantof theJacobianof the
transformation,det� � t � 
x�

� 
x .
In Fig. 1 thedivergenceis greaterthanzero.There-

fore, theJacobianis greaterthanoneandthus,Þnally,
thevalueof thebinsof thehistogramassociatedwith
intensitiesnearpoint O areincreased.More precisely,
thehistogramis given by

�
� � 1�U� det� � t � 
x�

� 
x dxdy, which
is differentthantheoriginal given by Eq. (1). On the
otherhand,if atpointO of Fig.1 theÞeldwaspointing
in theoppositedirection,thentheareawoulddecrease
aroundO. Thus,thevalueof thehistogrambinsassoci-
atedwith theintensitiesaroundO wouldalsodecrease.

A typeof vectorÞeldsthatarisesin many applica-
tionsis thegradientÞeld(MarsdenandTromba,1988)
of acertainfunction,H, givenby

� H �
� H
� x

i �
� H
� y

j � (2)

Figure 1. Theareaincreasesaroundtheorigin O. In otherwords,
theÞeldhasapositivedivergencearoundtheorigin.Thedifferential
areasthatßow alongthelinesof theÞeldfrom aninitial pointI close
to pointO to aÞnalpointF fartherfrom pointO grow in size.

where� is thegradient,i is theunit vectoralongthe
x axis, and j is the unit vectoralongthe y axis. The
divergenceof thegradientis theLaplacian.Somefunc-
tions H have zeroLaplacian.Thus,they do not alter
thehistogram,andarecalledharmonic.Not all func-
tionsareharmonic.Instead,their vectorÞeldscontain
regionsof bothpositiveandnegativedivergencethat,in
generaldistort thehistogram.We will show, however,
thatthereis aclassof gradientmorphismsof non-zero
divergencethatsimply scaletheamplitudeof thehis-
togram.NotethatgradientÞelds,beingcontinuousand
one-to-one,alwayspreservethetopologyof theimage.

Gradienttransformationscanmodeltheradialdistor-
tion of aperfectlycenteredlens.Radiallensdistortion
is modeledas (Weng et al., 1990; Swaminathanand
Nayar, 1999):

�	 � k3	 3 � k5	 5 (3)

where 	 �
�

x2 � y2 is the radial distancefrom the
principalpointof theimage,�	 is theradialdistortion,
andk3 andk5 areconstantsthatdependontheparticular
lens.By integrating�	 we obtainthe corresponding
function Hl , thatis

Hl �
� 	

0
� �	 d �	 �

k3

4
	 4 �

k5

6
	 6� (4)

where Hl is the function of the gradientÞeld of the
distortion.
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Figure 2. In (a) we show the original imageand in (b)Ð(e) we show four gradientmorphismsof this imagetogetherwith the functions
they correspondto. The gradient morphismshave a different histogram from the histogram of the original image. The actual dis-
tancesbetweenthe histogramsof thesemorphedimagesand the original image in (a) are shown in Table 2. Note that the origin of
thecoordinateframeis thegeometricalcenterof theoriginal image,thex axisis horizontal,andthe y axisis vertical.
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3.4. Examplesof GradientTransformations

We implementedseveral gradientmorphismsof the
test imageshown in Fig. 2(a).Eachonewas derived
from a different function H. To implementthemthe
gradientÞeld of the functionwas Þrst computedwith
Eq. (2). The imagewas then morphedby following
thetangentto thestreamlinesof theÞeld with a large
numberof smallsteps.Thisrequiresresamplingof the
image,which was implementedusingnearestneigh-
bor. We did not implementresamplingwith Þltering
becausethatwould introducenew intensityvaluesnot
presentin theoriginalhistogram.Fourexamplesof gra-
dient morphismsareshown in Fig. 2(b)Ð(e). Clearly,
thetopologyof theimagein Fig. 2(c) is differentthan
that of Fig. 2(a).This is becausethe Þnite resolution
of the imagemakes regions that becomevery small
or very thin to disappear. Note that the morphedim-
ageswere maderectangularby introducing a black
background.

Thehistogramscorrespondingto thegradientmor-
phismswere computed.Two of the histogramsare
shown in Fig.3 wherethehistogramsof thered,green,

Figure 3. Histogramsof two of the imagesin Fig. 2. Fromleft to right arethehistogramsof thered,green,andbluechannels,respectively.
In (a) we show thehistogramof theoriginal imageshown in Fig. 2(a).In (b) we show thehistogramof thegradientmorphismobtainedwith
function sin � x2� y2�


20 . The actualgradientmorphismis shown in Fig. 2(c). We canseethat the histogramof the gradientmorphismis very
differentthanthatof theoriginal.

and blue channelsare shown, respectively, from left
to right. In Fig. 3(a) we show the histogramof the
test imageshown in Fig. 2(a). In Fig. 3(b) we show
the histogramof the gradientmorphismof the image
shown in Fig. 2(c) that correspondsto the function
H � sin � x2� y2�


20 . Forvisualizationpurposesthey were
normalizedwith respectto their most denselypopu-
latedbin.Clearly, thetwohistogramsaredifferent.The
regionswherethegradientÞeldhasdivergencegreater
thanzeroincreasetheir contribution to thehistogram,
whereastheregionsthathave negative divergencede-
creasetheir contribution.Notethatthepopulatedbins
in thehistogramsin Fig. 3(b) area subsetof thosein
thehistogramof theoriginal imageshown in Fig.3(a).
This is becausesomeof the regionsdisappeared,but
nonew oneswerecreated.

4. Image IndependentInvarianceof Histograms
in Vector Fields

Wederivetheclassof transformationsthatpreservethe
histogramof any imagemap� . Sincethehistogramis
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given by Eq. (1), we anlayzethe transformationsthat
preserve the integral in Eq. (1) for all integrationdo-
mains� � 1�U� .Forthesetransformationsthehistogram
remainsinvariant,independentof theimage.

To analyzethesetransformationsweagainbreakup
the imageinto differentialregionsdxdy. If local size
is preservedeverywhere,thevalueof thedeterminant
of the Jacobianof the transformationdet� � t � 
x�

� 
x is one
for all differentialregions.Consequently, thehistogram
givenby

�
� � 1�U� det� � t � 
x�

� 
x dxdyisalsopreserved.Onthe
other hand,when the histogramis preserved for all
images� , it canbeshown that thedeterminanthasto
beunity everywhere.Therefore,theareais preserved.
More formally:

Proposition 1. Transformations� t � 
x� are locally
area preservingif and only if they preservethe his-
togramsof everyimage � .

This is proved in SectionA.1 of theappendix.
In general,a vector Þeld X containsboth regions

of positive divergencethat createareaandregionsof
negativedivergencethatdestroy area.If therearenore-
gionsof positive or negative divergence,however, the
differentialregionsßow anddeformbut do notchange
their sizes.For example,in theÞeld in Fig. 4 thedif-
ferentialsquaredxdy moves from point I to point F,
while its sizeremainsinvariant.Thedeterminantof the
Jacobianof suchtransformationsis unity for all values
of t. Therateof changeof areaandthedivergenceare

Figure4. ThisÞelddoesnothave regionsof positiveandnegative
divergence.Therefore,theareasof differentialregionsdxdystaythe
sameasthey movealongthestreamlinesof theÞeldfrominitial point
I to ÞnalpointF.

zero.The rateof areachangefor the entire imageis
given by theintegralof thedivergenceover thedomain
of theimage.Thatis, d�� t �

dt 	t � t0 �
�

V0
divX dxdy, where

t0 is the initial time, V0 is the initial area,and�� t � is
the areaat time t. If a Þeld haszerodivergenceover
theentireimage,for all t , thetotal imageareadoesnot
changeandviceversa.Thatis,

Proposition2. Transformations� t with d
dt � t � X are

locally areapreservingif andonly if divX � 0.

This is proved in SectionA.2 of theappendix.
It is alsopossibleto generateall vectorÞelds that

satisfy Proposition2. To see this, take a function
H : D � R. Theisovaluecontoursof this functionare
given by H� x� y� � k, wherek is a constant.Thegra-
dientof H is normalto its isovaluecontoursandpoints
in thedirectionin which theareachangesmaximally.
If we rotatethe gradientÞeld at every point by 90� ,
we obtain a new Þeld, which is tangentto the iso-
value contoursof H. Flow along isovalue contours
doesnot changethearea,andtheÞeld haszerodiver-
gence.SuchÞeldsarecalledHamiltonianandtheßow
alongthemis calledphaseßow. In 2D they aregiven
by:

� H � R90� � � H� �
� H
� y

i �
� H
� x

j (5)

whereR90� is theantisymmetricrotationmatrix[ 0 1
� 1 0],

and H is called the Hamiltonianfunction or energy
function of the Þeld. An example is Fig. 5, where
Fig. 5(a) shows the function H � sin� xy� and its
contoursaround the origin. Figure 5(b) shows the
ßow along the contours,that is the corresponding
HamiltonianÞeld. Moreover, the reversealso holds.
Thatis, if a Þeld preservesthehistogramof animage,
it is Hamiltonian.More formally:

Proposition3. A vectorÞeldX (twicedifferentiable)
is divergencefreeif andonly if it is Hamiltonian.

This is proved in SectionA.3 of theappendix.
Theif andonlyif Propositions1Ð3 canbecombined

to show thatthehistogrampreservingtransformations
ariseassolutionsto aparticularfamily of vectorÞelds
calledHamiltonian.Moreprecisely:

Theorem 1. A family of transformations� t which
ariseas thesolutionsto a vectorÞeld X preservethe
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Figure 5. Theimagein (a) shows theenergy function H � sin� xy� andits contoursaroundtheorigin. Brightnessis proportionalto function
value.Theimagein (b) shows theHamiltonianÞeld thatcorrespondsto theßow alongtheisovaluecontoursof this function.

histogramsof all images if andonly if vectorÞeld X is
Hamiltonian.

Proof: Propositions1 and2 show thatthehistogram
is preservedif andonly if thedivergenceof theÞeld is
zero.In turn, this combinedwith Proposition3 proves
thetheorem. �

Thedeterminantsof theJacobianmatricesof Hamilto-
niantransformations,� t � 
x� , arealwaysequalto unity.2

Thisis aconsequenceof theareapreservationproperty
of LiouvilleÕs theorem(Arnold, 1989),which is also
the if part of Proposition2. Someexamplesof linear
Hamiltoniantransformationsareshown in Table1. As
expected,thedeterminantsof all thematricesin Table1
areequalto unity.

Harmonic functions have both gradient and
HamiltonianÞeldswhich aredivergencefree.There-
fore, thegradientÞeld of a certainharmonicfunction,
H, is alsoHamiltonianof someotherenergy function
�H. For example,theharmonicfunction H � xy hasa
gradientÞeldwhichisalsotheHamiltonianÞeldof en-
ergyfunction �H � � y2 � x2�� 2.ThisÞeldcausesshear-
ing andanexampleis shown in Fig. 2(d).

Table 1. The Jacobianmatrices of some linear Hamiltonian
transformations.

Group Jacobian

Rotations
�

cost sin t
� sin t cost

�

Shears
�

1 t
0 1

�

Stretches
�

t 0
0 1� t

�

Thedeterminantof thematricesis equalto one.Note that t is the
parameterof thetransformation.

4.1. Examplesof HamiltonianTransformations

We show several examplesof linear and non-linear
Hamiltonianmorphismsin Fig. 6. Eachoneis derived
from a differentenergy functionH. Thesemorphisms
wereimplementedsimilarly to thegradientonesasde-
scribedin Subsection3.4.Theonly differencewasthat
theÞeldappliedwastheHamiltonian,givenby Eq.(5),
insteadof thegradient.

In Fig. 6(a) we show the original image,which is
the sameasthe original imageshown in Fig. 2(a). In
Fig. 6(b)Ð(i) we show eight morphismstogetherwith
the energy functions they correspondto. The origin
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Figure 6. In (a) we show the original test image.In (b)Ð(i) we show eight Hamiltonianmorphismsof this imageandthe energy functions
they correspondto. All Hamiltonianmorphismshave the samehistogramasthat of the original image,up to spatialquantizationerror. The
actualdistancesbetweenthehistogramsof thesemorphedimagesandtheoriginal imagein (a)areshown in Table2. Notethattheorigin of the
coordinateframeis thegeometricalcenterof theoriginal image,thex axisis horizontal,andthe y axisis vertical.
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Figure 7. Thehistogramsof severalof the imagesin Fig. 6. Fromleft to right arethehistogramsof thered,green,andbluechannelsof the
images.In (a) we show thehistogramof theoriginal imageshown in Fig. 2(a).In (b)Ð(d) we show thehistogramsof Hamiltonianmorphisms.
TheactualHamiltonianmorphismsareshown in Fig. 6(d), (h), and(i), respectively. Clearly, thehistogramsof theHamiltoniansarealmostthe
sameasthatof theoriginal.

of thecoordinateaxesis thegeometricalcenterof the
original image.As wecanseethetransformedimages
areseverelydistorted.

We computedthe histogramsof the Hamiltonian
morphisms.Some of the histogramsare shown in

Fig. 7; from left to right we canseethehistogramsof
thered,green,andbluechannelsof theimage,respec-
tively. In Fig. 7(a)weshow thehistogramof theorigi-
nal imageshown in Fig.2(a).In Fig.7(b)Ð(d) weshow
the histogramsof the Hamiltonianmorphismshown
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Table2. Theeffectsof theHamiltonianandgradientmorphisms
on thehistogram.

Function Hamiltonian Gradient

x3 0.488 16.763

� x2 � y2� 0
7 1.870 121.000

� x2 � y2� 1.302 265.641

� x2 � y2� 1
5 2.820 42.609

sin � x� y�

10 1.003 12.182

�
sin � x� y� PI

20

� 2
1.083 11.188

sin � x� y�

4 sin � x� y�


4 6.865 13.229

xy 2.609 1.773

Thehistogramsusedwerethethree1D R, G, andB histograms.
The secondcolumnshows the distanceof the histogramof the
Hamiltonianmorphismfrom the histogramof the original im-
ageshown in Fig. 2(a).The third columnshows the distanceof
thehistogramof thegradientmorphismfrom thehistogramof the
sameoriginal image.Note that xy is a harmonicfunctionsand
thatis why bothits gradientandHamiltonianÞeldsdo little. The
distanceis the L1 norm of the distancebetweenthe histograms
dividedby thenumberof histogrambins(3� 256).

in Fig. 6(d), (h), and(i), respectively. Clearly, thehis-
togramsof theHamiltonianmorphismsarethesameas
thatof theoriginal image.

Wecomparedquantitatively theeffectsof thegradi-
entandHamiltonianmorphismsof thesamefunction
appliedonthesameimage.Actually, wecomparedthe
1D R, G, and B histogramsof the morphedimages.
Weusedthetestimageshown in Fig. 6(a).Thesecond
columnof Table2 showsthedistancebetweenthehis-
togramof theoriginalimageandthehistogramafterthe
Hamiltonianmorphism.The third columnshows the
distancebetweenthe histogramof the original image
andthehistogramafterthegradientmorphism.Thedis-
tancebetweentwo histogramsis the L1 normdivided
by the numberof histogrambins (3 � 256). Clearly,
thedistancedueto theHamiltonianmorphismsis very
small.Thenon-zerodistanceis dueto resamplingun-
derspatialandcolor quantization.On theotherhand,
the distancedue to the gradientmorphismsis much
larger thanthat dueto the Hamiltonianones.That is,
althoughHamiltonianmorphismsseverely distort the
image,thehistogramof theimageremainspractically
the same.On the otherhand,thesegradienttransfor-
mationssometimeslook like theoriginal image,asin
Fig. 2(b),but severelydistort thehistogram.Theonly
exceptionare the morphismsof the harmonicfunc-
tion xy, wherebothits gradientandHamiltonianÞelds
preserve the histogram.Note that the functionswere

multiplied by differentconstantfactorsin eachmor-
phismto restrictthesizeof themorphedimages.

4.2. HistogramScalingTransformations

A certain class of gradient transformationssimply
scalesthehistogram.Thisoccurswhentheareachange
is uniformly distributedthroughoutthe image,that is,
whenthedivergenceis spatiallyconstant.Therateof
areachangeis given by the divergenceand the fac-
tor by which the areachangesis given by the deter-
minantof theJacobianof the transformation.That is,
Proposition2 canbeextendedto statethattransforma-
tions locally scaletheareaby a constantfactorif and
only if theirdivergenceisconstant.Sincethehistogram
is linearly dependentuponthe areaof the image,the
magnitudeof thehistogramis scaledby thefactorthe
imageareais scaled.Moreover, thereversealsoholds.
Thatis, if thehistogramisalwaysscaledfor any image,
thesizeof any localregionin theimageisscaledby the
samefactor. Hence,the divergence,beingthe rateof
changeof areaperunit area,is alsoconstant.In other
words,wecangeneralizeTheorem1 to obtain:

Theorem 2. A family of transformations� t which
arisesasthesolutionto a vectorÞeld X scalesthehis-
togramsof all images if andonly if thevectorÞeldhas
constantdivergencefor all t. Thescalefactors are the
determinantsof the Jacobiansof the transformations
at anypoint.

This is proved in SectionA.5 of theappendix.
A simple family of transformationsthat satisÞes

Theorem2 are the spatialimagescalings,that is ex-
pansionsandcontractions.Thesetransformationsare
given by vector Þelds k1xi � k2yj , wherek1, and k2

areconstants.SuchvectorÞeldsare the gradientsof
( k1x2

2 � k2y2

2 ) within an additive constant.The effect
of sucha Þeld on the histogramis given in row 3 of
Table2. Clearly superimposinga Hamiltonianvector
ÞeldonascalingvectorÞelddoesnotchangetheeffect
thescalingtransformationalonehason thehistogram.
It canalsobeshown that the reversealsoholds.That
is, if a transformationscalesthehistogramit is there-
sultof thesuperpositionof ascalingandahamiltonian
transformation.More formally:

Proposition4. A familyof transformations� t which
arisesas the solution to a vector Þeld X scalesthe
histogramsof all images if andonly if thevectorÞeld
is the superpositionof a scalingvectorÞeld givenby
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k1xi � k2yj andanarbitrary HamiltonianÞeld, where
k1, andk2 areconstants.

This is proved in SectionA.5 of theappendix.
In this casethe divergenceis a linear map from a

vectorto a scalar. The null spaceof this maparethe
divergencefreevectorÞelds(Hamiltonian).

5. Applications and SigniÞcance
of Hamiltonian Fields

WeÞrst studytheeffectof someprojectionmodelson
thehistogram.Clearly, perspectiveprojectiondoesnot
preserve thehistogram.Theperspective projectionof
planarsurfaceswhosenormal is parallel to the opti-
cal axis, and rototranslationsof suchsurfaces,how-
ever, simplyscalethehistograms.Wewill alsousethe
two theoremspresentedpreviously to show thatweak
perspective projectionandparaperspective projection
of planarsurfacesscalethe histograms.Furthermore,
rototranslationsaboutany axisundertheseprojection
modelsalsoscalethe histograms.We alsogive some
moregeneralcasesthat canbe modeledasHamilto-
nian. Finally, we discussthe signiÞcanceof Hamil-
tonian transformationsfor the histogramparticularly
whenit is usedasanimagefeature.

5.1. HistogramsunderWeakPerspectiveProjection

Considera planarpatch,with sometexture on it, in
a spaceequippedwith an �x �y�z coordinateframe.The
weakperspective projectionof this patchis shown in
Fig. 8(a).TheÞrst stageof theprojectionis anortho-
graphicprojectionandthesecondis a mappingon the
imageplane.Theorthographicprojectioncanbedone
eitherfrontally or undersomearbitrarytilt � . Theef-
fect of a tilt is to transformthe frontal orthographic
projectionwith anafÞnetransformation(Basri,1996).
In this casetheafÞnetransformationis a composition
of shearingandscaling.Theshearingis aHamiltonian
transformation.According to Theorem1 it doesnot
affect thehistogram.Thescaling,however, doesalter
the histogram.In particular, accordingto Theorem2,
it scalesit by the determinantof the Jacobianof the
transformation,which is cos� .

Thesecondstage,thatis themappingfrom thepro-
jection plane to the imageplane, is a uniform scal-
ing. The determinantof its Jacobianis f 2

z2 , where f
is the focal lengthandz is the distanceof the object

Figure8. In (a)wecanseethegeometryof weakperspectivepro-
jection.A planarpatchis projectedundera tilt angle� . In (b) we
show thegeometryof paraperspectiveprojection.Theskew angleof
theparallelprojectionis � , andthetilt of theobjectis � .

from theorigin of thecoordinatesystem.Accordingto
Theorem2 thisisalsothescalefactorof thehistogram.

The productm� of the scalingfactorsof the two
stagesis given by

m� �
f 2 cos�

z2

 (6)

Thisequationgivestheoverallscalingof thehistogram
in weakperspective projection.That is, q� p � m� qp,
whereqp is thehistogramof the frontal projectionof
thepatch,andq� p is thehistogramof thepatchunder
weakperspectiveprojection.

5.2. HistogramsunderParaperspectiveProjection

The paraperspective projection of a planar patch is
shown in Fig. 8(b). TheÞrst stageof theprojectionis
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a parallelprojectiontowardstheprojectionplaneand
thesecondstageisamappingfromtheprojectionplane
to theimageplane.Theparallelprojectiontowardsthe
projectionplanehasaskew angle� . Similarly to weak
perspectiveprojection,thedeterminantof theJacobian
of theprojectiontransformationis proportionalto the
cosineof the tilt of the object.In parallelprojection,
however, theprojectionaxisis skewed.Therefore,the
relative tilt of theobjectis (� � � ). Moreover, thesize
of the projectedimage increasesas a result of the
skew angleby a factorinverselyproportionalto cos� .
That is, the determinantof the Jacobianof the paral-
lel projectiontransformationis cos�� � ��

cos� . Accordingto
Theorem2 thehistogramis scaledby this factor.

Thesecondstage,that is themappingto the image
planeis a uniform scaling.Similarly to weakperspec-
tive projection,this mappingscalesthe histogramby
f 2

z2 . Theoverallscalefactormp of thehistogramisequal
to theproductof thetwo scalefactorsandis given by

mp �
f 2 cos�� � ��

z2 cos�

 (7)

Thatis, thehistogram,qpp of thepatchunderparaper-
spective projectionis given by qpp � mpqp, whereqp

is thehistogramof thefrontal projectionof thepatch.
Note that paraperspective projectionreducesto weak
perspectiveprojectionwhentheanglewith theoptical
axis� is zero.

For example,Eqs.(6)and(7)show thatthechangein
themagnitudeof thehistogramof anobjectapproach-
ing theimageplaneis ascalefactor.

5.3. DiscussiononSigniÞcanceof Hamiltonian
Transformations

We would like to discussthesigniÞcanceof Hamilto-
niantransformationsfor computationalvision. In par-
ticular:

� Several authorshave suggestedusing histograms
for object recognition(Swain and Ballard, 1991;
Stricker andOrengo,1995;Finlaysonet al., 1996).
Furthermore,histogramsareusedextensivelyfor im-
ageindexing (Niblack,1993;Bachetal., 1996)and
videoretrieval (SmoliarandWu, 1995)from visual
databases.In thecontext of recognitionit hasbeen
observed that histogramsarerobust to local image
deformations(Swain andBallard, 1991;Finlayson
etal.,1996).Thecompleteclassof localvectorÞelds

with respectto whichhistogramrecognitionandin-
dexing systemsareinsensitive is theHamiltonian.

� Hamiltoniantransformationscanbeusedtocompare
recognitionsystemsbasedon histogramsto recog-
nition systemsbasedon otherappearancefeatures.
For example,to comparerecognitionbasedon inte-
sity histogramsto recognitionbasedon eigenspace
(Sirovich and Kirby, 1987; Turk and Pentland,
1991;MoghaddamandPentland,1995;Muraseand
Nayar, 1995) we can investigate the sensitivity
of the eigenspacerepresentationto Hamiltonian
transformations.

� Thehistogramisequivalentbyaninvertibletransfor-
mationto the generalizedimageentropies(Tsallis,
1988; Sporringand Weickert, 1999) and the mul-
tifractal spectrumof images(Halsey et al., 1986;
SporringandWeickert,1999).Thatis, Hamiltonian
transformationspreserve both the generalizedim-
ageentropiesof theimageandits multifractalspec-
trum. In turn, both entropy (Jagersand,1995; Wu
and Barba, 1998; Sporring and Weickert, 1999;
Bouzoubaand Radouane,2000) and multifractals
(Vehelet al., 1992;Arneodoet al., 1999)have been
usedto characterizeimagesandtextures.

� In a relevant image representationthe image is
speciÞedin termsof local histograms.Examplesof
thisrepresentationincludeerrordiffusion(Ulichney,
1988;Anastassiou,1989),scale-imprecisionspace
(GrifÞn, 1997),and locally orderlessimagerepre-
sentation(Koenderinkand Doorn, 1999). In this
casethe local and global histogramsof an image
remaininvariantunderlocaldiscontinuoustransfor-
mations.The local but continuoustransformations
whichpreservebothlocalandglobalhistogramsare
the Hamiltoniantransformations.Suchtransforma-
tionspreservelocal topologyaswell. An exampleis
thetransformationin Fig. 6(g).

� Severalimagefeaturesarebasedonhistograms.For
example,histogramshave beencombinedwith rep-
resentationsof connectednessof imageregions to
givefeatureswhichcombinecolorandspatialimage
information (Passet al., 1996; Smith and Chang,
1996). We expect such featuresto be insensitive
to Hamiltoniantransformations,sinceHamiltonian
Þeldspreserve theconnectednessof imageregions.
For the samereasonwe expect image segmenta-
tion basedon the histogramto be lesssensitive to
Hamiltoniantransformations(Glasbey, 1993).

� In additionto theprojectionmodelsdiscussedprevi-
ouslyHamiltoniantransformationscanmodelother
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speciÞc casesof distortion.For example,shearing
that resultsfrom the distortionwhenthe axesof a
CCD arenot orthogonalis a Hamiltoniantransfor-
mation.Suchtransformationscanalsomodelsome
naturalsituations,for example,the ßow of incom-
pressibleßuids. The morphismin Fig. 6(f) shows
ripplesor sinusoidalvibrationsalonga surface,and
themorphismin Fig. 6(d) resemblesawhirlpool.

6. ImageDependentInvarianceof Histograms
for Vector Fields

The Hamiltonian transformations that satisfy
Theorem1 preservethehistogramof all images� . For
aparticularimage� , however, thereis amoregeneral
classof transformationsthat preserve its histogram.
Thesetransformationspreserve thehistogramfor only
aparticularimage.

In all cases,bothimagedependentandimageinde-
pendent,thehistogramispreservedwhenthefollowing
equationis satisÞed:

��� U� t � �
�

� � 1�U�
det

� � t � 
x�
� 
x

dx dy

�
�

� � 1�U�
dx dy (8)

where��� U� t � is thehistogramvaluein intensitybin U
asa functionof parametert. In theimageindependent
case,weshowedthatEq.(8) holdswhenthesizeof the
imageregionswithin or betweenall isovaluecontours
containingregionswithin intensityintervalsU remain
constant.Thatis,weassumedthatthevalueof theJaco-
bianfor every differentialregion is equalto one.This
conditionguaranteesthat the histogramis preserved.
It is, however, overly restrictive. More generally, it is
sufÞcient for a continuousÞeld to preserve the total
size of the regions in an imageinside isovalue con-
tours.That is, insteadof forcing the divergenceto be
zeroeverywherewithin all isovaluecontours,we just
requirethattheaveragevalueof thedivergencebezero
within the isovalue contours.Sincethe histogramis
computedover theentireimagedomain,thehistogram
is still preserved.

Thechangeof thesizeof the region within an iso-
valuecontourasa resultof a transformationdepends
on the divergenceof the Þeld over that region. More
precisely, the rateof changeof thesizeof a region is
givenby theintegralof thedivergenceover thatregion.
Therefore,if the integral of the divergencewithin all

isovaluecontoursis zero,therateof changeof areais
alsozeroandthe contribution of all intensitiesto the
histogramdoesnot change.This conditioncanbeex-
pressedboth in termsof the divergenceover regions
andin termsof line integralsof vectorÞeldsalongthe
contoursof theregions.Therelationbetweenthetwo
is given by GaussÕs theorem(Marsdenand Tromba,
1988).More precisely, the surfaceintegral of the di-
vergenceof aÞeldover acertainregion is equalto the
line integralof theÞeldalongtheborderof thatregion.
Therefore,theconditionthat the integral of thediver-
genceover a certainregion bezerois thesameasthe
conditionthattheline integralalongthebordersof the
regionbezero.Thatis:

Proposition 5. Thehistogramof a particular image
� is preservedasa resultof a transformation� � and
Eq.(8) is satisÞedif:

	

c
X � 0� � C (9)

whereC is anarbitrary isovaluecontourof theimage.

This is proved in SectionA.4 of theappendix.
Thispropositionimpliesthatfor agivenimagethere

is a classof Þelds that preserve its histogram,and,
vice versa,for a givenÞeld thereis a classof images
whosehistogramsarepreservedundertheactionof the
Þeld.3

Thispropositioncanmodeltherotationandtransla-
tion of rigid bodiesin front of a uniform background.
Suchmotionappearstobetheresultof cutandpaste.It
canalsooccur, however, whenwithin thewindows of
motiontheÞeldisnon-zeroandcontinuous,andoutside
thewindows theÞeld is zero.Thewindows of motion
aretheregionsin which themotionoccurs.Imagede-
pendenttransformations4 canalsomodelsomecases
of lensdistortions.Suchanexamplewould beimages
that consistof radially symmetricpatternsscaledby
radial lensdistortion. In general,the transformations
describedin thissectionaresigniÞcantfor mostof the
reasonsfor which theHamiltoniantransformationare
signiÞcant,asdiscussedin Subsection5.3.

7. Local Topologyof Vector Fields
and Histograms

Thetopologyof vectorÞeldscanbedeterminedby the
topologyaroundÞxed points in the Þelds(Andronov
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Figure9. PossibletopologiesaroundÞxed pointsof aÞeld.In (a) theÞxed point is callednode.In (b) thetopologyis spiralandtheÞxed point
is calledafocus.In (a)and(b) theorientationof thepathsis awayfrom theÞxed points.In (c) wecanseeasaddlepoint.Finally, in (d) theÞxed
point is calledacenter.

et al., 1973).That is, pointswheretheÞeld is zero.In
gradientandHamiltonianÞeldstheÞxed pointsarethe
critical pointsof the energy function. The imagesin
Fig. 6 containseveralÞxed points,for example,along
theverticalline x � 0 in Fig.6(b),andthecentralpoint
of theimagesin Figs.6(d)Ð(e).

There are four different kinds of Þxed points
(Andronov et al., 1973). The Þrst kind is shown in
Fig. 9(a) and is called a node. In this casethe inte-
gralcurvesarelinesarrangedradiallyaroundtheÞxed
point with one end on the Þxed point (star-shaped).
The secondkind is shown in Fig. 9(b) and is called
a focus. In this casethe integral curvesstill have one
end on the Þxed point. They form, however, spirals
aroundit. In thesetwo casesthe Þxed pointscanbe
sinksor sourcesdependingon thedirectionof the in-
tegral curves.Thethird kind is shown in Fig. 9(c) and
is calledasaddlepoint.Two ridgesmeetto createfour
linesof Þxed points.Finally, thefourth kind is shown
in Fig. 9(d) andis calleda center. Theintegral curves
form closedpathsaroundtheÞxed point.5 For exam-
ple thecircles � x2� y2�

20 � n wheren � 1� 2� 
 
 
 shown in
Fig. 2(c).

FixedpointscanbedetectedandclassiÞedusingthe
PoincarreÕs winding number. This was introducedin
imageprocessingby SanderandZucker(1992)andby
KassandWitkin (1987).

The topologicalstructurearounda Þxed point has
a direct effect on the histogram.Fixed pointsof type
(a),andtype(b) aresourcesor sinksthatlocally distort
thehistogram.For example,thecenterof theimage,or
principal point, in radial lensdistortion(Wenget al.,
1990;SwaminathanandNayar, 1999)is a Þxed point
of type(a). WhentheÞeld is linear, however, thehis-
togramissimplyscaled.Ontheotherhand,Þxedpoints

of type(c) andtype(d) preserve thelocal histograms.
Suchanexampleis shown in Fig. 2(d)wherethereis a
saddlepoint in themiddleof theimage.

Hamiltonian Þelds, which preserve the histogram
for all images,must only have Þxed points of type
(c) and (d). The conversedoesnot hold. That is, a
Þeld with Þxed pointsof type(c) and(d) is not neces-
sarily Hamiltonian.Transformationsthatpreserve the
histogramrelative to aparticularimagecanhaveÞxed
pointsof any type, including sources,sinks,andspi-
rals. This is becausethe effectsof sourcesandsinks
cancancelout to preserve thehistogram.

8. Summary and Futur eWork

In general,histogrampreservingtransformationscan
beeitherorderlessor theresultof theactionof contin-
uousÞelds.In this work we examinedhistogrampre-
servingtransformationsthataretheresultof theaction
of continuousÞelds.For thispurpose,weexaminedthe
effectonhistogramsof transformationsthatresultfrom
theactionof generalcontinuousÞelds.Toanalyzetheir
effectweassumedthattheimagewasspatiallycontin-
uousandusedthe Lebesguemeasureto computeits
area.Then,a measurewas deÞnedon therangeof the
imagemapthatgaveits histogram.Usingthesemodels
we derived thecompleteclassesof local imagetrans-
formationsthatpreservethehistogramof all imagesup
to ascalefactorof theirmagnitude.

Weshowedthatlocaltransformationsthatcanbeex-
pressedassolutionsto ßow equationspreservethehis-
togram of all imagesif and only if the divergence
of the vector Þelds is zero and that such Þelds are
Hamiltonian.Furthermore,thehistogramof any image
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is scaledif andonly if the divergenceof the Þeldsis
constanteverywhere.Wealsoexaminedamoregeneral
conditionthat transformationsshouldsatisfyin order
to preserve the histogramof a particular image.We
thengaveseveralexamplesof deformationsthatresult
from HamiltonianÞelds.Theimageswerecompletely
deformedbut theirhistogramsremainedthesame.We
completedtheanalysiswith adiscussionof therelation
betweenthenatureof theÞxed pointsof aÞeldandthe
changeson localhistograms.

We alsodiscussedsomeapplicationsaswell asthe
signiÞcanceof theseÞelds. They can model weak
perspectiveprojection,paraperspectiveprojection,and
imageshearing.More generally, they can model the
ßow of incompressibleßuidsandall continuoustrans-
formations with respectto which histogramrecog-
nition systemsare insensitive. We also showed that
they can achieve an effect similar to that of error
diffusion.

This work could be extendedin serveral ways. It
could be extendedto volume preservingtransforma-
tionsfor 3D data.Thesensitivity of thehistogramwith
respectto non-Hamiltoniantransformationscouldalso
bestudied.Furthermore,otherimagefeaturesmayalso
have classesof transformationswith respectto which
they are invariant or have a small sensitivity. Such
featurescan be histogramsof imagesresultingfrom
derivativeÞltering (SchieleandCrowley, 2000).

Appendix

A.1. Proofof Proposition1

Proposition1 statesthat transformations� t � 
x� arelo-
cally areapreservingif andonly if they preserve the
histogramsof every image� .

Proof: Thehistogramof image� transformedby � t

is given by:

��� U� t � �
�

� � 1�U�
det

� � t � 
x�
� 
x

dx dy (10)

where ��� U� t � is thehistogramvaluefor intensitybin
U as a function of parametert, and det� � t � 
x�

� 
x is the
determinantof the Jacobianof the transformation.
Sincethetransformationis locally areapreserving,the
determinantis equalto unity (Arnold, 1989);thatis,

det
� t � 
x�
� 
x

dx dy � dx dy
 (11)

Therefore,the histogramof the transformedimage
becomes

��� U� t � �
�

� � 1�U�
dx dy
 (12)

This histogramis thesameasthatof theoriginal im-
age,hence,thehistogramispreserved.Conversely, take
somesetV � D of theimagedomain.WedeÞneanin-
dicatorimagefunction� suchthat

� I � 
x� �



1 if andonly if 
x 
 V,

0 otherwise.
(13)

Sincethe histogramof � I is preserved, we have:�
V0

dx dy�
�

V1
dx dy� � t , whereV1 is V0 after � t is

applied.RegionV0 canbeany localarea,hence,� t are
locally areapreserving� t. �

A.2. Proofof Proposition2

Proposition 2 states that transformations� t with
d
dt � t � X are loclly area preservingif and only if
divX � 0.

Proof: The if part of this Propositionis LiouvilleÕs
theorem(AbrahamandMarsden,1978;Arnold,1989).
Take someset V0 � D of the imagedomaincorre-
spondingto intensityinterval U. After theapplication
of transformation� t theareaof V0 becomes:

��� U� t � �
�

V0

det
� � t � 
x�

� 
x
dx dy (14)

Take �t � t � t0, When �t � t � t0 is close to zero the
Jacobiancanbeexpandedasin LiouvilleÕs theoremin
Arnold (1989)to get

��� U� �t � �
�

V0

� 1 � �t divX � O� �t 2�� dx dy (15)

where di� is the divergence(Marsdenand Tromba,
1988).This equationcanbedifferentiatedd ��� U� �t �

d�t 	 �t � 0

� d ��� U�t �
dt 	t � t0 to give:

d ��� U� t �
dt

�
�
�
�
t � t0

�
�

V0

divX dx dy
 (16)

Hence, if divX � 0 then ��� U� t � � V0� t . That is,
the transformationsare locally areapreserving.Con-
versely, if thefamily is locally areapreservingwehave
d ��� U�t �

dt � 0 for all t . Moreover, this holds for all V0
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given by an indicatorimageasin Eq. (13).Therefore,
divX � 0. �

A.3. Proofof Proposition3

Proposition3 statesthat a vector Þeld X (twice dif-
ferentiable) is divergence free if and only if it is
Hamiltonian.

Proof: The divergenceof the Hamiltonianis given
by:

div�� H� � div
�

� H
� y

�
� H
� x

�

�
� 2H
� x� y

�
� 2H
� y� x

� 0

It followsfromtheequalityof mixedpartialderivatives
thattheHamiltonianÞeldsaredivergencefree.More-
over, the reversealsoholds.Take a vectorÞeld X �
f i � gj which hasdivX � � f

� x � � g
� y � 0. Becauseof the

deÞnitionof theHamiltonianÞeld X in Eq.(5),weÞrst
deÞne f � � H

� y . Thisgives H� x� y� �
� y

0 f � x� �y� d �y. If
we alsoshow that � � H

� x � g, H is theHamiltonianof
theÞeld. Indeed,

�
� H
� x

� �
� y � f � x� �y�

� x
d�y

1�
� y � g� x� �y�

� �y
d�y 2� g

where1 holdsbecausedivX � 0, and2 follows from
thefundamentaltheoremof calculus. �

A.4. Proofof Proposition5

ThisPropositionstatesthatthehistogramof aparticular
image� is preservedasaresultof atransformation� t ,
thatis Eq.(8) is satisÞed,if andonly if:

	

c
X � 0� � C (17)

whereC is anisovaluecontourof theimage.

Proof: We can apply GaussÕs law (Marsdenand
Tromba,1988)in Eq.(17) to obtain

	

c
X �

�

V
divXt � 0 (18)

where� V � C is anisovaluecontourcurve that is the
boundaryof regionV thatcanalsobetheunionof many
disconnectedregions.This equationholdsfor all t . It
canbesubstitutedinto Eq.(16) to show thattherateof
changeof theareais zerofor all t . That is, thesizeof
regionsV is preserved.In turn,Eq. (1) relatesthesize
of theregionsto thehistogram.It shows thatwhenthe
sizeof the regionsis preserved, the histogramis also
preserved. �

This theoremcould be generalizedto caseswhere
the histogramof regionsis scaled.This occurswhen
theRHSof theintegral of Eq. (18) is constantinstead
of zero.

A.5. Proofof Theorem2

Theorem2 statesthat a family of transformations� t ,
which arisesasthesolutionto a vectorÞeld X, scales
the histogramsof all imagesif andonly if the vector
Þeldhasconstantdivergencefor all t . Thescalefactors
arethe determinantsof the Jacobiansof the transfor-
mationsatany point.

Proof: We cangeneralizeProposition1 to get that:
Transformations� t locally scaletheareaif andonly if
they scalethehistogramof everyimage � . To seethat
this is possibleconsiderthefactthatif thehistogramis
scaledby a constantfor any image� , it is alsoscaled
for any indicator imagegiven by Eq. (13). Sincethe
indicatorimagecanrepresentany localregion,all local
areasarescaledby thesamefactor. Thereversecanbe
shown similarly. WecanalsogeneralizeProposition2
to get that: Transformations� t with d

dt � t � X locally
scaletheareaif andonly if divX is constant. Therate
of changeof areais proportionalto the divergence.
Hence,if the divergenceis constant,then the rateof
changeof areais constant.That is, theareais scaled.
In turn, this implies that the rate of changeof area
andthedivergenceareconstant.Thegeneralizationsof
Propositions1 and2 arebothif andonly if. Therefore,
they canbecombinedto give thetheorem.

Further, whenthedivergenceis constantfor all t any
higherorderderivativesof thefunctionH mustbezero,
sincethey arederivatives of constants.In turn, higher
order terms in the expansionof det � � t � 
x�

� 
x , as shown
in the integrandof Eq. 15, mustalsobezero.In turn,
this impliesthatthedeterminantof theJacobianof the
transformationis alsoconstantandcanbefactoredout
of theintegral in Eq. (10) to give thescalingfactorof
thearea. �
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Proposition4 statesthata family of transformation
� t whicharisesasthesolutiontoavectorÞeld X scales
the histogramsof all imagesif andonly if the vector
Þeld is the superpositionof a scalingÞeld given by
(k1xi � k2yj ) andanarbitraryHamiltonianÞeld,where
k1, andk2 areconstants.

Proof: In this casethe divergenceis a linear map
from a vector to a scalar. The null spaceof this map
are the divergencefree vector Þelds (Hamiltonian).
To seethis considera vectorÞeld X � k1xi � k2yj ,
wherek1 andk2 areconstants.ThisÞeldhasdivergence
ktot � k1 � k2 andis thegradientof � k1x2

2 � k2y2

2 � within
anadditiveconstant.SupposeY weresomeothervec-
tor Þeld with thesameconstantdivergencektot. Since
divergenceis linear, thevectorÞeld Z � Y � X, where
X � k1xi � k2yj , mustbe divergencefree. Hence,as
shown in Proposition3, Z mustbeHamiltonian.Thus,
every vectorÞeld Y thathasconstantdivergencealso
hasthe form Y � X � Z, whereZ is a Hamiltonian
Þeld,andX is asabove. �

Notes

1. Differentscalesof a fractal imagecanalsohave thesameglobal
histogram.

2. The product of two Hamiltonian transformationsis another
Hamiltoniantransformation,whichstill hasJacobianwith unitde-
terminant.Theproductof two Hamiltoniantransformationswith
energy functionsH1 andH2, however, commuteif andonly if the
Poissonbracketof thetwo functions,(H1, H2), is locally constant
(Arnold, 1989).

3. If theRHSof Eq.(9) wereconstant,thehistogramwouldsimply
bescaled.

4. Imagedependenthistogrampreservingtransformationsdo not
necessarilycommutewith otherÞelds,even Hamiltonianones.
Two vector Þelds commuteif and only if their Lie brackets
commute.

5. In somecasesthe integral curves can also form spirals that
have oneendon the Þxed point. The Þxed point is thencalled
centrofocus.
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