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Abstract. Histogramsareusedto analyzeandindex images.They have beenfound experimentallyto have low
sensitvity to certaintypesof imagemorphismsfor example viewpointchangesndobjectdeformationsThepre-
ciseeffect of theseimagemorphismson the histogramhowever, hasnot beenstudied.In this work we derive the
completeclassof localtransformationshatpresere or scalethe magnitudeof the histogramof all imagesWe also
derive a moregeneralclassof local transformationghat presere the histogramrelative to a particularimage.To
achieve this, the transformationgrerepresentedssolutionsto familiesof vectorbeldsactingon theimage.The
local effect of bxed pointsof the beldson the histogramds alsoanalyzedThe analyticalresultsareveribedwith
severalexamples We alsodiscussseveral applicationsandthe signibcancef thesetransformationgor histogram

indexing.
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1. Intr oduction

Histogramshave beenwidely usedto representana-
lyze,andcharacterizénagesOneof theirinitial appli-
cationsin indexing was thework of SwainandBallard
for theidentibcatiorof 3D objectySwainandBallard,
1991).Currently histogramsareanimportanttool for
theretrieval of imagesandvideofrom visualdatabases
(Niblack, 1993; Zhanget al., 1993; Smoliarand Wu,
1995;Bachetal., 1996).Someof thereasongor their
wide applicabilityarethatthey canbecomputecdeasily
andfast,they achieve signibcantdatareduction,and
they arerobustto noiseandlocal imagetransforma-
tions. Furthermorejn imagesthat containlow level
information, the histogramcan be usedto character
izetheimagesimagef manmadervironmentsan-
not always be classibedisingtheir histogram.Many
manmadebjects,however, have characteristicolors
(Swain andBallard, 1991). Further the color proper
tiesof anobjectmustbeconsideredo make arecogni-
tion systemcomplete Thatis, asystemshouldbeable

to discriminatebetweerobjectsthataregeometrically
identicalbut have differentcolors.

Following the initial work of Swain and Ballard
(1991) various indexing and recognition systems
(Stricker and Orengo,1995; Finlaysonet al., 1996)
basedon histogramswere developed.Several obser
vations have beenmadeaboutthe sensitvity of the
histogramto imagetransformationsMore preciselyit
is generallyacceptedhatthehistogranis relatively in-
sensitveto viewpointchangesandthatit is possibleto
accounfor scalechange®f its magnitudg Cohenand
Guibas1999).More generally severalauthorgSwain
andBallard,1991;Finlaysoretal.,1996)obsenedthat
histogramsare insensitve even under certain object
deformations.

The local and global histogram are also pre-
sened under locally orderlesstransformationsOne
suchexampleis error diffusion. This representation
was analyzedextensiely in the contet of signal
coding (Anastassiou;1989). Grifbn generalizedthis
modelandintroducedit into computationalision as
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scale-imprecisionepresentatio(Grifbn, 1997).Later,
Koenderinkand Van Doorn formalized this repre-
sentationinto a locally orderlessmodel for images
(KoenderinkandDoorn,1999).GinnelenandRomety
discussedeveral applicationsof thelocally orderless
model(GinnelenandRomery, 2000).Theseaepresen-
tationsaretheresultof local anddiscontinuougrans-
formations.In this work we examine the condition
thatlocal continuoudransformationshouldsatisfyto
presere thehistogram.

We studytheinvariancef histogramswith respect
totransformation®y describinghosetransformations
in termsof vectorbelds.Vectorbeldsarealsowidely
usedto representmagesand optical Bow. Primarily,
they are usedto model rigid and non-rigid motion.
SomeexamplesareBuid Bow, deformationsof textile
texturesyrubberdeformationsandfacemotion(Huang,
1990). In addition, vector pelds have also beenused
to model orientedplanartextures (Kass and Witkin,
1987;RaoandJain, 1992). Imagevector belds have
beenexpressedn termsof differentialequationgVerri
andPoggio,1989; Verri etal., 1989).It hasalsobeen
shawvn thatthe projectionof 3D motiononthe 2D im-
ageplanecreatesa motion beld that canalso be ex-
pressedn termsof differential equationsin a more
generalkontet, the effect of vectorbeldson their do-
mainisrepresentewith theintegraltheorem®f Gauss
andStokes(Spivak,1965;MarsderandTromba,1988;
Arnold, 1989). The effect of vector bPeldson the his-
togramof animage,however, hasnot beenstudiedto
ourknowledge.

Thetopologyof continuousvectorbeldscanbe de-
terminedby the local topology aroundpoints where
the Peldis zero,namelybxed points(Andronor et al.,
1973).Thereforethedetectiorandcharacterizatioof
suchpointsis important(Ford et al., 1994; Giachetti
andTorre,1996).SandermandZucker (1992)andKass
andWwitkin (1987)detectedbxed pointsusingthe Poin-
carrg® winding numberof the vectorbeld (Andronaos
etal.,1973;Ford etal., 1994).

In this work we brst discusssomegeneraltypesof
transformationshatpresere the histogramsThenwe
studythe effect of continuoustransformationsn the
histogramsand relate continuoustransformationsto
continuousvector belds. In this contet the domain
of theimagesis continuousandcanbe measuredvith
the LebesguaneasurgRoyden,1968).We debnethe
histogramin termsof a densityfunctionon grayscale
intensities.This densityis derived from the Rador
Nicodym derivative of push-forvard of areameasure

on the image to intensities (Rayden, 1968). Using
thesemodelswe derive thecompleteclassof localim-
agetransformationsgiven as solutionsof Row equa-
tions, that presere the histogramor simply scaleits
magnitude.

In particular we shav that vector belds which
presere the histogram are divergence free and
Hamiltonian (Abrahamand Marsden,1978; Arnold,
1989;Hadjidemetrioet al., 2000).We alsoshaw that
Pelds whosedivergenceis constantsimply scalethe
histogram(Hadjidemetriouet al., 2000). Further we
presentmore generalclassesof continuoustransfor
mationsthat presere the histogramrelative to a par
ticular image.Finally, we analyzethe effect of bxed
points of the beld on the histogram.The resultsare
veribedwith several examples We alsodiscussappli-
cationsandthe signibcanceof thesetransformations.
Thus,we completelydescribeheclassof local contin-
uoustransformationsvith respecto which histogram
recognitionsystemsareinsensitve.

2. Generallnvariance of Histograms

To studythe invarianceof the histogramwith image
transformationsve note that transformationgelong
to two classesnamely discontinuousindcontinuous.
For discontinuougransformationg is obviousthatre-

arrangingdifferent regions of the image by cutting,
pasting,or reectingcanpresere the histogram Such
transformationpresere theglobalhistogram® In ad-
dition to theseglobaltransformationsindividual pix-

elscanalsoberearrangedClearly, permutation®f the
pixelsin animagecanpresere the global histogram.
If thesepermutationsare donelocally, the local his-

togramsarepresered. For exampledifferenttypesof

halftoninganderror diffusion (Ulichney, 1988; Foley

et al., 1996; Anastassiou,1989). Grifbn (1997) and
KoenderinkandVan Doorn (1999)formalizedthe lo-

cally orderlessmagerepresentationsimilar to error
diffusion.They introducedt into computationavision,

and provided a mathematicaimodel for their repre-
sentationTheseorderlesdransformationareusually
modeledstochastically(Anastassiou1989;Ulichney,

1988).

Unlike permutation®f regionsandpixels, mary of
thetransformationshatarisein computevision, such
asprojectve transformationspptical Row, anddefor
mationsare locally continuous.That s, they arethe
resultof continuousrectorbelds.In thiswork, we will
examinehistogranpreservindransformationghatcan



be analyzednto continuousvectorbelds.Suchtrans-
formationspresere notonly theglobalhistogramsbut
alsothe local histograms Somesimple examplesare
the translationsand rotations. Thesetransformations
arecalledisometriesFurthermorethereisamoregen-
eral classof exotic continuouslocal transformations
thatarenotisometriesbut still preserethehistogram.
Suchtransformationsheingthe resultof the actionof
continuougbelds,alsopresere theimagetopology

3. Effect of Continuous Vector Fields
on Histograms

Asapreliminarystepwe presentontinuousnodelsor

thedomainof theimageandthehistogramThesenod-
elsareusefulfor analyticalpurposesWe alsogive an

overview of the propertiesof continuousvector belds
and the resulting transformationsThen, we discuss
the effect of the vector belds on the domainof the
image.Finally, we give several examplesof a partic-
ular type of continuoustransformationsthe gradient
transformations.

3.1. ContinuousModelfor the Domains
of thelmages andthe Histograms

We representhe image by an image intensity map.
Thedomainof themapis assumedo be spatiallycon-
tinuouswith dimensionsx andy (Spivak, 1965).This
intensitymapfor asinglecolorchanneis :D ,
whereD 2istheboundedegiontakenby theCCD
thatlies ontheimageplane 2. Similarly, for a color
imagethe intensitymapis :D 3 where Zis
a 3D color spacefor example,RGB or HSV. Area of
theimagedomaincanbe computedvith theLebesgue
measurgRoyden,1968; Haaserand Sullivan, 1971).
The domainof the measureanbe ary countableand
boundedunionor intersectiorof regionsof theimage
domain.

Thedensityvalueof a bin in the discretehistogram
representghe numberof pixels with valuesin the
intensity rangeassociatedvith that bin. In our case
the bin densitiesrepresentimage areaand the his-
togramis a continuousdensity The densityvalue of
a bin associatedvith intensityinterval U is the push
forward measure given by: U 1y dxdy.
This is because *(U) is the part of the imagethat
hasintensitieswithin the rangeU, thatis, ' U

Xy XYy 2st. xy U .Thereforemea-
sure U is areal numberequalto the areaof the
imagedomainthat hasintensitiesin U. For example,
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if thedomainU istheintensitiesin theintenal [a, b],
the areain theimagethathasintensitiesin this range
isgivenby [a b] ! [ab] dxdy.

Thederivative of U with respecto b happengo
bethe Radon-Nycodinderivative g of asameasure
(Royden,1968)andgivesthehistogramasacontinuous
density Therefore,

U dxdy

lu

q dr 1)
U

wherer is avariableof intensitiesandU is aset

of valuesof r. Formally:

Debnitionl. A histogramistheRadon-Nilodymde-
rivative of the pushforward of Lebesgueneasurevia
theintensitymap(image).

The debnition of the histogramin Eq. (1) canbe ex-
tendedfor 3D color spacesFor example,to extend
to RGB space,nsteadof integrating over the single
grayscaledimensiondr, as in Eq. (1), we shouldbe
integratingover thethreecolordimensionglrgdrsdrg.

3.2. Badkgroundon VectorFields

Thedomainof animage canbe morphedto give a
new image . An interestingclassof morphismsare
therubberdeformationgAndronor et al.,1973).Such
deformationscan stretchthe domainat one or more
points,squeezét, or locally changdts shapeandsize.
They cannothowever, tea, fold, or re3ectthedomain.
Also, they do not createor destry new regions.The
vectorbeldscausingubberdeformationsnustbeone-
to-oneand continuous More precisely they mustbe
twice differentiable,C2. The mappingpreseres the
topology of the image.It also maintainthe intensity
valuesof theregions.

Thisclassof deformationganbeexpressedn terms
of Bow equationsvhosesolutions(Spivak, 1965)give
riseto familiesof tranformationsA family or pathof
transformations ; is expressedas  x :D ,
wherex x y D isapointin theimagedomain,
andt is the parameteof the transformationWe
assumehatt canvary continuouslyto give riseto a
continuousincrementabprocesof inbPnitesimaltrans-
formations.Transformationghatarisein this manner
satisfy several properties.Clearly, they are differen-
tiableandgive backtheRow relationsd% t  X,where
X is a vector beld. Further they include the identity
transformation, o  Id, acompositiorof two transfor
mationsgivesanew transformation s ¢ s t,and
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they areinvertible. Theinverseof ¢ isgivenby .
Thisis becauset & X X Oisequalto
zero.In otherwords,animagemorphedby a differen-
tiable beld canbe transformedo give backthe orig-
inal image.Transformationshat satisfytheseproper
tiesform agroup(Rose,1994).Somemembersf this
groupsare rotations,scalings,and other more exotic
transformationsve describebelow.

The transformationsof the imagescan be repre-
sentedas an operation,or action (Rose,1994), of a
groupof transformation®f 2 onimagesAn image
map :D asaresultof the actionof a transfor
mationbecomes :D . Inthiswork wewill shav
thatto studythe effect of transformation®n the his-
togramof animagewe only needto studythe effect of
the correspondingectorbelds(Spivak, 1965).

3.3. Effectof VlectorFieldson Image Domain

We would like to understandow transformationon
the planeaffect the domainof the imageandthe his-
togram.In general,a vectorbeld X changeshe area
of animageandits histogram.To shaw this we break
uptheimageinto differentialregionsdxdy. Thediffer-
entialregionsthatBow alongthe streamline®f a beld
in generakhangeheirsizeanddeform.Thisis shavn
in Fig. 1 wherethe beld actingon theimageincreases
theareaaroundpoint O. Thedifferentialregionsdxdy
thatBow alongthe streamlinedrom aninitial point |
closeto point O to a bnal point F fartherfrom point
O increasetheir size.Formally, the rate of changeof
areaper unit areais calleddivergence Also, the bnal
sizeof differentialregionsis obtainedby multiplying
theinitial sizeby thedeterminanbf theJacobiarof the
transformationdet—*-.

In Fig. 1 thedivergenceis greaterthanzero.There-
fore, the Jacobians greatethanoneandthus,pnally,
the valueof the bins of the histogramassociatedvith
intensitiesnearpoint O areincreasedMore precisely
thehistogramis givenby ~ , ; det 'XX dxdy, which
is differentthanthe original given by Eq. (1). On the
otherhand,f atpointO of Fig. 1 thebeldwas pointing
in theoppositedirection,thentheareawould decrease
aroundO. Thus,thevalueof thehistogrambinsassoci-
atedwith theintensitiesaroundO would alsodecrease.

A type of vectorbeldsthatarisesin mary applica-
tionsis thegradientreld (MarsderandTromba,1988)
of acertainfunction, H, givenby

H
H —i
X

H
—j 2
yJ (2

Figure 1. Theareaincreasesroundtheorigin O. In otherwords,
thebeld hasa positive divergencearoundtheorigin. Thedifferential
areaghatRow alongthelinesof thepeld from aninitial pointl close
to point O to a bPnal point F fartherfrom point O grow in size.

where is thegradient,i is the unit vectoralongthe
X axis,andj is the unit vectoralongthe y axis. The
divergenceof thegradientis theLaplacian Somefunc-
tions H have zeroLaplacian.Thus,they do not alter
the histogram,andare called harmonic.Not all func-
tionsareharmonic.lnstead their vectorpeldscontain
regionsof bothpositveandnegativedivergencehat,in
generaldistortthe histogram We will shaw, however,
thatthereis a classof gradientmorphismsof non-zero
divergencethat simply scalethe amplitudeof the his-
togram Notethatgradienteelds,beingcontinuousand
one-to-onealwayspreserethetopologyof theimage.

Gradientransformationsanmodeltheradialdistor
tion of aperfectlycenteredens.Radiallensdistortion
is modeledas (Wenget al., 1990; Swaminathanand
Nayar 1999):

ks ° ks ° ®)

where x2 y2 is the radial distancefrom the
principalpointof theimage, istheradialdistortion,
andks andks areconstantshatdependntheparticular
lens.By integrating  we obtainthe corresponding
function H,, thatis

k
H, d 3 4

ks ¢
B — 4
0 4 6 @

where H; is the function of the gradientbeld of the
distortion.



HistogramPreservingmageTransformations 9

Figure 2. In (a) we shaov the original imageandin (b)&e) we shav four gradientmorphismsof this imagetogetherwith the functions
they correspondto. The gradient morphismshave a different histogram from the histogram of the original image. The actual dis-
tancesbetweenthe histogramsof thesemorphedimagesand the original image in (a) are shavn in Table 2. Note that the origin of
the coordinatdrameis the geometricatenterof the originalimage,the x axisis horizontal,andthe y axisis vertical.
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3.4. Exampleof GradientTransformations

We implementedseveral gradientmorphismsof the
testimageshawn in Fig. 2(a). Eachonewas derived
from a differentfunction H. To implementthemthe
gradientbeld of the functionwas brst computedwith
Eq. (2). The imagewas then morphedby following
the tangentto the streamlinef the Peld with alarge
numberof smallstepsThisrequiresesamplingof the
image,which was implementedusing nearesineigh-
bor. We did not implementresamplingwith Pltering
becausghatwould introducenew intensityvaluesnot
presentn theoriginalhistogramFourexamplef gra-
dient morphismsare shovn in Fig. 2(b)ee). Clearly,
thetopologyof theimagein Fig. 2(c) is differentthan
that of Fig. 2(a). This is becausédhe Pnite resolution
of the image makes regions that becomevery small
or very thin to disappearNote that the morphedim-
ageswere maderectangularby introducing a black
background.

The histogramscorrespondingo the gradientmor-
phismswere computed.Two of the histogramsare
shavnin Fig. 3wherethehistogram®f thered,green,

and blue channelsare shavn, respectrely, from left

to right. In Fig. 3(a) we showv the histogramof the
testimageshavn in Fig. 2(a). In Fig. 3(b) we shov

the histogramof the gradientmorphismof theimage
showvn in Fig. 2(c) that correspondgo the function
H sinX Zgz . Forvisualizationpurposeshey were
normalizedwith respectto their mostdenselypopu-
latedbin. Clearly, thetwo histogramsaredifferent.The
regionswherethe gradientbeld hasdivergencegreater
thanzeroincreaseheir contritution to the histogram,
whereaghe regionsthathave negative divergencede-
creasaheir contrikution. Note thatthe populatedoins
in the histogramsn Fig. 3(b) area subsetf thosein

thehistogramof theoriginalimageshavn in Fig. 3(a).

This is becausesomeof the regionsdisappearedyut

no new oneswerecreated.

4. Image Independentinvariance of Histograms
in Vector Fields

Wederivetheclassof transformationshatpreserethe
histogranof arny imagemap . Sincethehistogramis

Figure 3. Histogramsof two of theimagesin Fig. 2. Fromleft to right arethe histogram=f thered, green,andblue channelsrespectiely.
In (a) we shcwzthgz- histogramof the original imageshown in Fig. 2(a). In (b) we shawv the histogramof the gradientmorphismobtainedwith
function sin X 25’ . The actualgradientmorphismis shavn in Fig. 2(c). We canseethat the histogramof the gradientmorphismis very

differentthanthatof theoriginal.



given by Eqg. (1), we anlayzethe transformationghat
presere the integral in Eq. (1) for all integrationdo-
mains ! U .Forthesdransformationghehistogram
remainsinvariant,independenof theimage.

To analyzethesetransformationsve againbreakup
the imageinto differentialregionsdxdy. If local size
is presered everywhere the value of the determinant
of the Jacobiarof the transformatiordet—X- is one
for all differentialregions.Consequentlythehistogram
givenby ,, det—*dxdyisalsopresered.Onthe
other hand, when the histogramis presered for all
images , it canbe shavn thatthe determinantasto
be unity everywhere Therefore the areais presered.
More formally:

Proposition 1. Transformations { x are locally
area preservingif and only if they preservethe his-
togramsof everyimage

Thisis proved in SectionA.1 of theappendix.

In general,a vector bPeld X containsboth regions
of positive divergencethat createareaandregions of
negative divergencehatdestry arealf therearenore-
gionsof positive or negative divergence however, the
differentialregionsf3ow anddeformbut do notchange
their sizes.For example,in the beld in Fig. 4 the dif-
ferential squaredxdy moves from point | to point F,
while its sizeremaingnvariant. Thedeterminanof the
Jacobiarof suchtransformationss unity for all values
of t. Therateof changeof areaandthedivergenceare

Figure4. ThisPeld doesnothave regionsof positive andnegative
divergence Thereforetheareaf differentialregionsdxdy staythe
sameasthey movealongthestreamlinesf thebeldfrominitial point
| to Pnal pointF.
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zero. The rate of areachangefor the entireimageis
given by theintegral of thedivergenceover thedomain
of theimage Thatis, dd—tt t to Vo divX dxdy, where
to is theinitial time, Vg is theinitial area,and t is
the areaat time t. If a beld haszerodivergenceover
theentireimage for all t, thetotalimageareadoesnot
changeandvice versa.Thatis,

Proposition2. Transformations with % t
locally areapreservingf andonlyif divX 0.

X are

Thisis proved in SectionA.2 of theappendix.

It is also possibleto generateall vector beldsthat
satisfy Proposition2. To see this, take a function
H:D R. Theisovaluecontoursof this functionare
givenby H x y  k, wherek isaconstantThegra-
dientof H isnormaltoits isovaluecontoursandpoints
in the directionin which the areachangesnaximally.
If we rotatethe gradientbeld at every point by 90 ,
we obtain a new Peld, which is tangentto the iso-
value contoursof H. Flow along isovalue contours
doesnot changethe area,andthe beld haszerodiver-
gence SuchpeldsarecalledHamiltonianandthe Row
alongthemis calledphasef3ow. In 2D they aregiven

by:

H
H Ro H —i —j (5)

whereRyo istheantisymmetricotationmatrix[ ©, 1],
and H is called the Hamiltonianfunction or enegy
function of the beld. An exampleis Fig. 5, where
Fig. 5(a) shaws the function H sinxy and its
contoursaround the origin. Figure 5(b) shavs the
Bow along the contours,that is the corresponding
Hamiltonian bPeld. Moreover, the reversealso holds.
Thatis, if abeld preseresthe histogramof animage,
it is Hamiltonian.More formally:

Proposition3. Avectorbeld X (twicedifferentiable
is divemgencefreeif andonlyif it is Hamiltonian.

Thisis proved in SectionA.3 of theappendix.

Theif andonlyif Propositiond£8 canbecombined
to shaw thatthe histogrampreservingransformations
ariseassolutionsto a particularfamily of vectorbelds
calledHamiltonian.More precisely:

Theorem 1. A family of transformations ; which
arise asthe solutionsto a vectorbeld X preservethe
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Figure5. Theimagein (a) shovstheenepy function H

sin xy andits contoursaroundthe origin. Brightnesss proportionalto function

value.Theimagein (b) shavs the Hamiltonianbeld thatcorrespondso the Bow alongtheisovaluecontoursof this function.

histogramsof all imagesif andonlyif vectorbeld X is
Hamiltonian.

Proof: Propositionsl and2 shaw thatthe histogram
is preseredif andonly if thedivergenceof thebeldis

zero.In turn, this combinedwith Proposition3 proves

thetheorem.

Thedeterminantsf the Jacobiamatricesof Hamilto-
niantransformations,; x , arealwaysequatto unity.?
Thisis aconsequencef theareapreserationproperty
of Liouville® theorem(Arnold, 1989), which is also
theif partof Proposition2. Someexamplesof linear
Hamiltoniantransformationsireshovn in Tablel1. As
expectedthedeterminantsf all thematricesn Tablel
areequalto unity.

Harmonic functions have both gradient and
HamiltonianbPeldswhich are divergencefree. There-
fore, the gradientbeld of a certainharmonicfunction,
H, isalsoHamiltonianof someotherenegy function
H. For example,the harmonicfunction H xy hasa
gradientreldwhichis alsotheHamiltonianbeld of en-
emgyfunctionH y? x? 2.Thisbeldcauseshear
ing andanexampleis shavnin Fig. 2(d).

Table 1. The Jacobianmatrices of some linear Hamiltonian
transformations.

Group Jacobian
Rotations cost sint
sint cost
Shears é tl
Stretches 0 10t

The determinanof the matricesis equalto one.Notethatt is the
parameteof thetransformation.

4.1. Examplef HamiltonianTransformations

We showv several examplesof linear and non-linear
Hamiltonianmorphismsn Fig. 6. Eachoneis derived
from a differentenegy functionH. Thesemorphisms
wereimplementedimilarly to thegradientonesasde-
scribedin Subsectior.4.Theonly differencewvasthat
thebeldappliedwastheHamiltoniangiven by Eq.(5),
insteadof the gradient.

In Fig. 6(a) we show the original image,which is
the sameasthe original imageshavn in Fig. 2(a).In
Fig. 6(b)EXi) we shav eight morphismstogetherwith
the enegy functionsthey correspondo. The origin
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Figure 6. In (a) we shav the original testimage.In (b)YEi) we shav eight Hamiltonianmorphismsof this imageandthe enegy functions
they correspondo. All Hamiltonianmorphismshave the samehistogramasthat of the original image,up to spatialquantizatiorerror The
actualdistancedetweerthe histogramsf thesemorphedmagesandthe originalimagein (a) areshavn in Table2. Notethattheorigin of the
coordinatdrameis the geometricatenterof the originalimage,the x axisis horizontal,andthe y axisis vertical.
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Figure 7. The histogramf several of theimagesin Fig. 6. Fromleft to right arethe histogram=f thered, green,andblue channelof the
imageslIn (a) we shav the histogramof the originalimageshown in Fig. 2(a).In (b)&(d) we shav the histogramsf Hamiltonianmorphisms.
TheactualHamiltonianmorphismsareshavn in Fig. 6(d), (h), and(i), respectiely. Clearly, the histogramsf the Hamiltoniansarealmostthe
sameasthatof theoriginal.

of the coordinateaxesis the geometricatenterof the Fig. 7; from left to right we canseethe histogramsf
originalimage.As we canseethetransformedmages thered,greenandbluechannelof theimage,respec-
areseverelydistorted. tively. In Fig. 7(a)we shaw the histogranof the origi-

We computedthe histogramsof the Hamiltonian nalimageshavnin Fig. 2(a).In Fig. 7(b)B(d) we shav
morphisms.Some of the histogramsare shawvn in the histogramsof the Hamiltonianmorphismshowvn



Table2. Theeffectsof theHamiltonianandgradienimorphisms
onthehistogram.

Function Hamiltonian Gradient
x3 0.488 16.763
x2 y? 07 1.870 121.000
x2 y? 1.302 265.641
x2 y215 2.820 42.609
sin ¥ 1.003 12.182

sin X %P ’ 1.083 11.188
sin X~ sin X~ 6.865 13.229
Xy 2.609 1.773

The histogramausedwerethethreelD R, G, andB histograms.
The secondcolumn shaws the distanceof the histogramof the
Hamiltonian morphismfrom the histogramof the original im-
ageshawn in Fig. 2(a). The third column shaws the distanceof
thehistogramof thegradientmorphismfrom the histogranof the
sameoriginal image.Note that xy is a harmonicfunctionsand
thatis why bothits gradientandHamiltonianpeldsdo little. The
distanceis the L, norm of the distancebetweerthe histograms
divided by the numberof histogrambins(3  256).

in Fig. 6(d), (h), and(i), respectiely. Clearly, the his-
togramsof theHamiltonianmorphismsarethesameas
thatof theoriginalimage.

We comparedjuantitatvely theeffectsof thegradi-
entandHamiltonianmorphismsof the samefunction
appliedonthesamemage.Actually, we comparedhe
1D R, G, and B histogramsof the morphedimages.
We usedthetestimageshavn in Fig. 6(a). Thesecond
columnof Table2 shavs thedistanceébetweerthehis-
togramof theoriginalimageandthehistogranafterthe
Hamiltonianmorphism.The third column shaws the
distancebetweenthe histogramof the original image
andthehistogramafterthegradienmorphismThedis-
tancebetweenwo histogramss the L; normdivided
by the numberof histogrambins (3 256). Clearly,
thedistancedueto the Hamiltonianmorphismds very
small. The non-zerodistances dueto resamplingun-
der spatialandcolor quantizationOn the otherhand,
the distancedue to the gradientmorphismsis much
larger thanthatdueto the Hamiltonianones.Thatis,
althoughHamiltonianmorphismssererely distort the
image,the histogramof theimageremainspractically
the same.On the otherhand,thesegradienttransfor
mationssometimedook like the originalimage,asin
Fig. 2(b), but severely distortthe histogram.The only
exception are the morphismsof the harmonicfunc-
tion xy, wherebothits gradientandHamiltonianbelds
presere the histogram.Note that the functionswere
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multiplied by differentconstantfactorsin eachmor-
phismto restrictthe sizeof themorphedmages.

4.2. Histogram ScalingTransformations

A certain class of gradienttransformationssimply
scaleghehistogramThisoccursvhentheareachange
is uniformly distributedthroughouthe image,thatis,
whenthe divergenceis spatially constant.The rate of
areachangeis given by the divergenceand the fac-
tor by which the areachangesds given by the deter
minantof the Jacobiarof the transformationThatis,
Proposition2 canbe extendedo statethattransforma-
tionslocally scalethe areaby a constanfactorif and
onlyif theirdivergencds constantSincethehistogram
is linearly dependentiponthe areaof the image,the
magnitudeof the histogramis scaledby the factorthe
imageareais scaled Moreover, thereversealsoholds.
Thatis, if thehistogramis alwaysscaledor ary image,
thesizeof any localregionin theimageis scaledby the
samefactor Hence,the divergence beingthe rate of
changeof areaper unit area,is alsoconstantin other
words,we cangeneralizeTheoreml to obtain:

Theorem 2. A family of transformations ; which
arisesasthesolutionto a vectorbeld X scaleshehis-
togramsof all imagesif andonlyif thevectorbeld has
constantdivergencefor all t. Thescalefactors are the
determinantof the Jacobiansof the transformations
at anypoint.

Thisis proved in SectionA.5 of theappendix.

A simple family of transformationgthat satides
Theorem?2 arethe spatialimagescalings,thatis ex-
pansionsand contractionsThesetransformationsre
given by vectorbeldsk;xi  kyyj, whereky, andk;
are constantsSuchvector belds are the gradientsof
("1—2"2 "ZTVZ) within an additive constant.The effect
of sucha beld on the histogramis given in row 3 of
Table2. Clearly superimposing Hamiltonianvector
Peldonascalingvectorbelddoesnotchangeaheeffect
thescalingtransformatioralonehason the histogram.
It canalsobe shavn thatthe reversealsoholds. That
is, if atransformatiorscaleghe histogramit is there-
sultof thesuperpositiorof ascalingandahamiltonian
transformationMore formally:

Proposition4. A family of transformations ; which
arisesas the solutionto a vector beld X scalesthe
histogramsof all images if and only if the vectorbeld
is the superpositiorof a scalingvectorbeld givenby
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kixi  kpyj andanarbitrary Hamiltoniankeld, where
kq, andk, are constants.

Thisis proved in SectionA.5 of theappendix.

In this casethe divergenceis a linear map from a
vectorto a scalar The null spaceof this maparethe
divergencefree vectorbelds(Hamiltonian).

5. Applications and Signibcance
of Hamiltonian Fields

We brst studythe effect of someprojectionmodelson
thehistogramClearly, perspectie projectiondoesnot
presere the histogram.The perspectie projectionof
planarsurfaceswhosenormalis parallelto the opti-
cal axis, and rototranslationf suchsurfaces,how-
ever, simply scalethehistogramsWe will alsousethe
two theoremgresentegbreviously to shav thatweak
perspectie projectionand paraperspeacte projection
of planarsurfacesscalethe histogramsFurthermore,
rototranslationsboutany axis undertheseprojection
modelsalsoscalethe histogramsWe alsogive some
more generalcaseghat can be modeledas Hamilto-
nian. Finally, we discussthe signibcanceof Hamil-
tonian transformationdor the histogramparticularly
whenit is usedasanimagefeature.

5.1. HistogramsunderWeakPerspectiveProjection

Considera planarpatch,with sometexture on it, in

a spaceequippedwith an xyz coordinateframe. The
weak perspecitie projectionof this patchis shavn in

Fig. 8(a). The brst stageof the projectionis an ortho-
graphicprojectionandthe seconds a mappingon the
imageplane.Theorthographigrojectioncanbedone
eitherfrontally or undersomearbitrarytilt . Theef-

fect of atilt is to transformthe frontal orthographic
projectionwith anafenetransformatior(Basri,1996).
In this casethe afene transformationis a composition
of shearingandscaling.Theshearings a Hamiltonian
transformation Accordingto Theoreml it doesnot

affect the histogram.The scaling,however, doesalter
the histogram.In particular accordingto Theorem2,

it scalesit by the determinantof the Jacobianof the
transformationwhichis cos .

The secondstage thatis the mappingfrom the pro-
jection planeto the image plane,is a uniform scal-
ing. The determinantof its Jacobianis ;—22 where f
is the focal lengthand z is the distanceof the object

Figure8. In (a) we canseethegeometryof weakperspectie pro-
jection. A planarpatchis projectedunderartilt angle . In (b) we
shav thegeometryof paraperspeate projection.Theskew angleof
theparallelprojectionis , andthetilt of theobjectis .

from theorigin of thecoordinatesystem Accordingto
Theoren? thisis alsothescalefactorof thehistogram.

The productm of the scalingfactorsof the two
stagesds given by

f2cos
2 ©
Thisequatiorgivestheoverallscalingof thehistogram
in weak perspectie projection.Thatis, q , m qp,
whereq, is the histogramof the frontal projectionof
thepatch,andq , is the histogramof the patchunder
weakperspectie projection.

5.2. HistogramsunderParapeispectiveProjection

The paraperspeate projection of a planar patchis
showvn in Fig. 8(b). The brst stageof the projectionis



a parallelprojectiontowardsthe projectionplaneand
thesecondstagds amappingromtheprojectionplane
to theimageplane.The parallelprojectiontowardsthe
projectionplanehasaskew angle . Similarly to weak
perspectie projection thedeterminantf theJacobian
of the projectiontransformatioris proportionalto the
cosineof thetilt of the object.In parallelprojection,
however, the projectionaxisis skewed. Therefore the
relativetilt of theobjectis ( ). Moreover, thesize
of the projectedimage increasesas a result of the
skew angleby afactorinverselyproportionalto cos .
Thatis, the determinanbf the Jacobiarof the paral-
lel projectiontransformatioris <=_——. Accordingto
Theorem2 the histogramis scaledby this factor

The secondstage thatis the mappingto theimage
planeis a uniform scaling.Similarly to weakperspec-
tive projection,this mappingscalesthe histogramby
;—: . Theoverallscalefactorm, of thehistograrris equal
to the productof thetwo scalefactorsandis given by

f2cos
72 cos

mp (7)
Thatis, the histogramgy, of the patchunderparaper
spectve projectionis given by op, Mpdp, Whereq,
is the histogramof the frontal projectionof the patch.
Note that paraperspeate projectionreducego weak
perspectie projectionwhenthe anglewith theoptical
axis iszero.

For example Eqgs.(6) and(7) shawv thatthechangen
the magnitudeof the histogramof anobjectapproach-
ing theimageplaneis a scalefactor

5.3. Discussiomn Signircanceof Hamiltonian
Transformations

We would lik e to discusghe signibcanceof Hamilto-
niantransformationgor computationavision. In par
ticular:

Several authorshave suggestedusing histograms
for object recognition (Swain and Ballard, 1991;
Stricker andOrengo,1995; Finlaysonet al., 1996).
Furthermorehistogramsreusedextensively forim-
ageindexing (Niblack, 1993;Bachetal., 1996)and
videoretrieval (SmoliarandWu, 1995)from visual
databasedn the context of recognitionit hasbeen
obsened that histogramsarerobust to local image
deformationgSwain and Ballard, 1991; Finlayson
etal.,1996).Thecompleteclassof localvectorbelds
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with respecto which histogranrecognitionandin-
dexing systemsareinsensitve is the Hamiltonian.
Hamiltoniantransformationsanbeusedo compare
recognitionsystemsbasedon histogramgo recog-
nition systemsbhasedon otherappearancéeatures.
For example,to comparerecognitionbasedn inte-
sity histogramgo recognitionbasedon eigenspace
(Sirovich and Kirby, 1987; Turk and Pentland,
1991;MoghaddanmandPentland;1995;Muraseand
Nayar, 1995) we can investigatethe sensitvity
of the eigenspacerepresentatiorto Hamiltonian
transformations.

Thehistogranmis equivalentby aninvertibletransfor
mationto the generalizedmageentropies(Tsallis,
1988; Sporringand Weickert, 1999) and the mul-
tifractal spectrumof images(Halse et al., 1986;
SporringandWeickert, 1999).Thatis, Hamiltonian
transformationgresere both the generalizedm-
ageentropief theimageandits multifractalspec-
trum. In turn, both entrofy (Jagersand1995; Wu
and Barba, 1998; Sporring and Weickert, 1999;
Bouzoubaand Radouane 2000) and multifractals
(Veheletal.,1992;Arneodoetal., 1999)have been
usedto characterizémagesandtextures.

In a relevant image representatiorthe image is
specbedin termsof local histogramsExamplesof
thisrepresentatioimcludeerrordiffusion(Ulichney,
1988; Anastassiou1989), scale-imprecisiorspace
(Grifbn, 1997),and locally orderlessmagerepre-
sentation(Koenderinkand Doorn, 1999). In this
casethe local and global histogramsof an image
remaininvariantunderlocal discontinuougransfor
mations.The local but continuoustransformations
which presere bothlocalandglobalhistogramsare
the HamiltoniantransformationsSuchtransforma-
tionspreserelocaltopologyaswell. An exampleis
thetransformationn Fig. 6(g).
Severalimagefeaturesarebasedn histogramsFor
example,histogramsave beencombinedwith rep-
resentation®f connectednessf imageregionsto
givefeaturesvhichcombinecolorandspatialimage
information (Passet al., 1996; Smith and Chang,
1996). We expect such featuresto be insensitve
to Hamiltoniantransformationssince Hamiltonian
Peldspresere the connectednessf imageregions.
For the samereasonwe expect image sggmenta-
tion basedon the histogramto be lesssensitve to
HamiltoniantransformationgGlasbe, 1993).

In additionto theprojectionmodelsdiscussegbrevi-
ously Hamiltoniantransformationganmodelother
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specbc casesof distortion. For example,shearing
that resultsfrom the distortionwhenthe axesof a
CCD arenot orthogonalis a Hamiltoniantransfor

mation.Suchtransformationganalsomodelsome
naturalsituations,for example,the Row of incom-
pressiblefluids. The morphismin Fig. 6(f) shavs

ripplesor sinusoidalibrationsalonga surface,and
themorphismin Fig. 6(d) resembles whirlpool.

6. Image Dependentinvariance of Histograms
for Vector Fields

The Hamiltonian transformations that satisfy
Theoreml preserethehistogramof all images . For
aparticularimage , however, thereis amoregeneral
classof transformationghat presere its histogram.
Thesetransformationgresere the histogramfor only
aparticularimage.

In all casesbothimagedependenandimageinde-
pendentthehistogranis preseredwhenthefollowing
equationis satided:

X
Ut det—*
1y X

dxdy

dxdy (8)

1u

where U t isthehistogramvaluein intensitybin U
asafunctionof parametet. In theimageindependent
casewe shavedthatEq.(8) holdswhenthesizeof the
imageregionswithin or betweenall isovaluecontours
containingregionswithin intensityintervalsU remain
constantThatis, weassumethatthevalueof theJaco-
bianfor every differentialregion is equalto one.This
conditionguaranteeshat the histogramis presered.
It is, however, overly restrictve. More generallyit is
suficient for a continuousPeld to presere the total
size of the regionsin an imageinside isovalue con-
tours. Thatis, insteadof forcing the divergenceto be
zeroeverywherewithin all isovalue contourswe just
requirethattheaveragevalueof thedivergencebezero
within the isovalue contours.Sincethe histogramis
computedver theentireimagedomain thehistogram
is still presered.

The changeof the size of the region within aniso-
value contourasa resultof a transformatiordepends
on the divergenceof the beld over thatregion. More
precisely the rate of changeof the size of aregion is
given by theintegral of thedivergenceover thatregion.
Therefore,if the integral of the divergencewithin all

isovaluecontoursis zero,therateof changeof areais
alsozeroandthe contrikution of all intensitiesto the
histogramdoesnot change This conditioncanbe ex-
presseddoth in termsof the divergenceover regions
andin termsof line integralsof vectorbeldsalongthe
contoursof theregions. Therelationbetweerthe two
is given by Gaus$® theorem(Marsdenand Tromba,
1988). More precisely the surfaceintegral of the di-
vergenceof a beld over a certainregion is equalto the
line integral of the beld alongtheborderof thatregion.
Therefore the conditionthatthe integral of the diver-
genceover a certainregion be zerois the sameasthe
conditionthattheline integral alongthe bordersof the
region bezero.Thatis:

Proposition5. Thehistogram of a particular image
is preservedasa resultof a transformation  and
Eq. (8) is satidredif:

X 0 C 9)

C

whele C is anarbitrary isovaluecontourof theimage.

Thisis proved in SectionA.4 of theappendix.

Thispropositionmpliesthatfor agivenimagethere
is a classof belds that presere its histogram,and,
vice versa,for a given beld thereis a classof images
whosehistogramarepreseredundertheactionof the
peld?

This propositioncanmodeltherotationandtransla-
tion of rigid bodiesin front of a uniform background.
Suchmotionappears$o betheresultof cutandpastelt
canalsooccur however, whenwithin the windows of
motionthepbeldis non-zer@andcontinuousandoutside
thewindows the beld is zero. The windows of motion
aretheregionsin which the motionoccurs.Imagede-
pendenttransformationscan also model somecases
of lensdistortions.Suchanexamplewould beimages
that consistof radially symmetricpatternsscaledby
radial lensdistortion. In generalthe transformations
describedn this sectionaresignibcantfor mostof the
reasondor which the Hamiltoniantransformatiorare
signibcant,asdiscussedn Subsectiorb.3.

7. Local Topologyof Vector Fields
and Histograms

Thetopologyof vectorbeldscanbedeterminedy the
topology aroundbxed pointsin the belds (Andronor
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Figure9. Possibleopologiesaroundpxed pointsof abeld. In (a) the bxed pointis callednode.In (b) thetopologyis spiralandthe bxed point
is calledafocus.In (a) and(b) the orientationof the pathsis away from the bxed points.In (c) we canseea saddlepoint. Finally, in (d) the bxed

pointis calleda center

etal.,1973).Thatis, pointswherethe beld is zero.In
gradientandHamiltonianbeldsthebxed pointsarethe
critical points of the enegy function. The imagesin
Fig. 6 containseveral bxed points,for example,along
theverticallinex 0inFig.6(b),andthecentralpoint
of theimagesin Figs.6(d)Ee).

There are four different kinds of Pxed points
(Andronor et al., 1973). The brst kind is shavn in
Fig. 9(a) andis called a node In this casethe inte-
gralcurvwesarelinesarrangedadially aroundthe bxed

point with one end on the bxed point (starshaped).

The secondkind is shavn in Fig. 9(b) andis called
afocus In this casethe integral curvesstill have one
end on the bPxed point. They form, however, spirals
aroundit. In thesetwo caseshe bxed points canbe
sinksor sourcegdependingon the directionof thein-
tegral curves.Thethird kind is showvn in Fig. 9(c) and
is calleda saddlepoint. Two ridgesmeetto createfour
lines of bxed points.Finally, the fourth kind is shavn
in Fig. 9(d) andis calleda center Theintegral curves
form closedpathsaroundthe bxed point® For exam-
plethecircles x220y2 nwheren 12  shavnin
Fig. 2(c).

Fixedpointscanbedetectedndclassbedusingthe
Poincarr® winding number This was introducedin
imageprocessingpy SandeandZucker (1992)andby
KassandWitkin (1987).

The topologicalstructurearounda bxed point has
a direct effect on the histogram.Fixed points of type
(a),andtype(b) aresource®r sinksthatlocally distort
thehistogramFor example thecenterof theimage,or
principal point, in radial lensdistortion (Wenget al.,
1990; Swaminatharand Nayar 1999)is a bxed point
of type (a). Whenthe beld is linear, however, the his-
togramis simplyscaledOntheotherhand pxed points

of type (c) andtype (d) presere thelocal histograms.
Suchanexampleis shavn in Fig. 2(d) wherethereis a
saddlepointin the middle of theimage.

Hamiltonian Pelds, which presere the histogram
for all images,must only have bxed points of type
(c) and (d). The corversedoesnot hold. That is, a
Peld with bxed pointsof type (c) and(d) is not neces-
sarily Hamiltonian.Transformationshat presere the
histogranrelative to a particularimagecanhave bxed
points of ary type, including sourcessinks,and spi-
rals. This is becausehe effects of sourcesand sinks
cancanceloutto presere the histogram.

8. Summary and Future Work

In general histogrampreservingtransformationgan
beeitherorderlesr theresultof theactionof contin-
uousbelds.In this work we examinedhistogrampre-
servingtransformationshataretheresultof theaction
of continuougrelds.For this purposewe examinedhe
effectonhistogram®f transformationghatresultfrom
theactionof generatontinuouselds.To analyzeheir
effectwe assumedhattheimagewas spatiallycontin-
uousand usedthe Lebesguaneasureo computeits
area.Then,ameasuravas debPnedon therangeof the
imagemapthatgaveits histogramUsingthesemodels
we derived the completeclasse®f local imagetrans-
formationghatpreserethehistogranof allimagesup
to ascalefactorof their magnitude.
Weshaowvedthatlocaltransformationshatcanbeex-
pressedssolutionsto Bow equationgpresere thehis-
togram of all imagesif and only if the divergence
of the vector belds is zero and that such belds are
Hamiltonian Furthermorethehistogranof any image
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is scaledif andonly if the divergenceof the beldsis
constaneverywhereWealsoexaminedamoregeneral
conditionthat transformationshouldsatisfyin order
to presere the histogramof a particularimage. We
thengave severalexamplesof deformationghatresult
from Hamiltonianbelds.Theimageswverecompletely
deformedbut their histogramgemainedhe sameWe
completedheanalysiswith adiscussiorof therelation
betweerthenatureof the bxed pointsof a beld andthe
change®nlocal histograms.

We alsodiscussedomeapplicationsaswell asthe
signibcance of thesebelds. They can model weak
perspectie projection paraperspeate projection,and
image shearing.More generally they can model the
Bow of incompressibl&uidsandall continuoudrans-
formations with respectto which histogramrecog-
nition systemsare insensitve. We also shaved that
they can achieze an effect similar to that of error
diffusion.

This work could be extendedin seneral ways. It
could be extendedto volume preservingtransforma-
tionsfor 3D data.Thesensitvity of thehistogramwith
respecto non-Hamiltoniartransformationsouldalso
bestudied Furthermoregptherimagefeaturesnayalso
have classe®f transformationsvith respecto which
they are invariant or have a small sensitvity. Such
featurescan be histogramsof imagesresultingfrom
derivative bltering (SchieleandCrowley, 2000).

Appendix
A.1. Proofof Propositionl
Propositionl stateghattransformations; x arelo-

cally areapreservingif andonly if they presere the
histogramsf everyimage .

Proof: Thehistogramofimage transformedy
is given by:

t

Ut de—" X dxdy  (10)
1y X

where U t isthehistogramvaluefor intensitybin

U as a function of parametett, and det‘—xX is the

determinantof the Jacobianof the transformation.
Sincethetransformations locally areapreservingthe

determinants equalto unity (Arnold, 1989);thatis,

:(( dxdy dxdy (11)

det!

Therefore,the histogramof the transformedimage
becomes

Ut dxdy (12)
1y
This histogramis the sameasthat of the original im-
age hencethehistogranis presered.Corverselytake
somesetV D of theimagedomain.We debneanin-
dicatorimagefunction suchthat

1 ifandonlyif x 'V,
I X . (13)
0 otherwise.

Sincethe histogramof | is presered, we have:

Vo dxdy v dxdy t,whereVyis Vg after is

applied.RegionV, canbeary localareahence, ; are
locally areapreserving t.

A.2. Proofof Proposition2

Proposition 2 states that transformations ; with
d% t X are loclly areapreservingif and only if
divX 0.

Proof: Theif partof this Propositionis Liouville@
theorem(AbrahamandMarsden1978;Arnold, 1989).
Take somesetV, D of theimagedomaincorre-
spondingto intensityinterval U. After the application
of transformation ; theareaof Vo becomes:

X
Ut det—"

Vo X

dxdy (14)

Taket t to, Whent t tgis closeto zerothe
Jacobiarcanbeexpandedasin Liouville @ theoremin
Arnold (1989)to get

ut 1
Vo

tdivX O t? dxdy (15)

wheredi is the divergence(Marsdenand Tromba,
1988).This equationcanbe differentiateddd# t 0

d Ut e
at t ot to give:

d Ut

dt t to Vo

divX dx dy (16)

Hence, if divX 0 then Ut Vg t. Thatis,
the transformationsarelocally areapreserving.Con-
verselyif thefamilyis locally areapreservingve have

d st“ 0 for all t. Moreover, this holds for all Vg




given by an indicatorimageasin Eq. (13). Therefore,
divX 0.

A.3. Proofof Proposition3

Proposition3 statesthat a vector beld X (twice dif-
ferentiable) is divergencefree if and only if it is
Hamiltonian.

Proof: The divergenceof the Hamiltonianis given
by:
div H div —H —H
y X
2H 2H
Xy yX

It followsfrom theequalityof mixedpartialderivatives
thatthe Hamiltonianbeldsaredivergencefree. More-
over, the reversealso holds. Teke a vector beld X

fi  gj whichhasdivX —; —3 0. Becausef the
debnition of theHamiltonianbeld X in Eq.(5), we brst
dePnef . ThisgivesH x y Jf xydy.If
we alsoshaw that —f(' g, H is the Hamiltonianof
the Peld. Indeed,

H y

X

fxy

d

» y

1 Y gxy
y

wherel holdsbecausalivX 0, and2 follows from
thefundamentatheoremof calculus.

dy ° g

A.4. Proofof Proposition5

ThisPropositiorstateghatthehistogranof aparticular
image ispreseredasaresultof atransformation ,
thatis Eq. (8) is sati$ed,if andonly if:

X 0 C 17)

C

whereC is anisovaluecontourof theimage.

Proof: We can apply Gaus® law (Marsdenand
Tromba,1988)in Eg. (17)to obtain

X divX, O (18)
c \
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where V  C is anisovaluecontourcurwve thatis the
boundaryof regionV thatcanalsobetheunionof mary
disconnectedegions. This equationholdsfor all t. It
canbesubstitutednto Eq.(16)to shav thattherateof
changeof the areais zerofor all t. Thatis, the sizeof
regionsV ispresered.In turn, Eq. (1) relatesthesize
of theregionsto thehistogramIt shavs thatwhenthe
size of the regionsis presered, the histogramis also
presered.

This theoremcould be generalizedo caseswvhere
the histogramof regionsis scaled.This occurswhen
the RHS of theintegral of Eq. (18) is constaninstead
of zero.

A.5. Proofof Theoem2

Theorem2 statesthata family of transformations ¢,
which arisesasthe solutionto a vectorbeld X, scales
the histogramsof all imagesif andonly if the vector
Peldhasconstantivergenceor all t. Thescalefactors
arethe determinant®of the Jacobian®of the transfor
mationsatary point.

Proof: We cangeneralizePropositionl to getthat:
Transformations ; locally scaletheareaif andonlyif
they scalethe histagramof everyimage . To seethat
thisis possibleconsidetthefactthatif thehistogramis
scaledby a constanfor ary image , it isalsoscaled
for ary indicatorimagegiven by Eg. (13). Sincethe
indicatorimagecanrepresenary localregion,all local
areasarescaledby thesamefactor Thereversecanbe
shawn similarly. We canalsogeneralizéProposition2
to getthat: Transformations ; with % t X locally
scaletheareaif andonlyif divXisconstant Therate
of changeof areais proportionalto the divergence.
Hence,if the divergenceis constantthenthe rate of
changeof areais constantThatis, the areais scaled.
In turn, this implies that the rate of changeof area
andthedivergenceareconstantThegeneralizationsf
Propositionsl and2 arebothif andonlyif. Therefore,
they canbe combinedo give thetheorem.

Furtherwhenthedivergencds constanfor all t ary
higherorderderivativesof thefunctionH mustbezero,
sincethey arederivatives of constantsin turn, higher
ordertermsin the expansionof det ‘XX , & shavn
in the integrandof Eq. 15, mustalsobe zero.In turn,
thisimpliesthatthe determinanbf the Jacobiarof the
transformatiornis alsoconstantandcanbefactoredout
of theintegralin Eq. (10) to give the scalingfactorof
thearea.
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Proposition4 statesthata family of transformation
+ whicharisesasthesolutionto avectorbeld X scales
the histogramsof all imagesif andonly if the vector
Peld is the superpositiorof a scaling beld given by
(koxi  koyj) andanarbitraryHamiltonianbeld,where
ki, andk, areconstants.

Proof: In this casethe divergenceis a linear map
from a vectorto a scalar The null spaceof this map
are the divergencefree vector belds (Hamiltonian).
To seethis considera vectorbeld X  kixi  kuyj,

wherek; andk, areconstantsThis beldhasdivergence

kot ki koandisthegradienof X k% within

anadditive constantSupposeY weresomeothervec-
tor beld with the sameconstantdivergencek;o;. Since
divergencdslinear, thevectorpeldZ Y X, where
X kixi  kpyj, mustbe divergencefree. Hence,as
shawvn in Proposition3, Z mustbeHamiltonian.Thus,
every vectorbeld Y thathasconstantdivergencealso
hastheformY X  Z, whereZ is a Hamiltonian
beld,and X is asabove.

Notes

1. Differentscalesof afractalimagecanalsohave the sameglobal
histogram.

2. The product of two Hamiltonian transformationsis another
Hamiltoniantransformationwhichstill hasJacobiamvith unitde-
terminant.The productof two Hamiltoniantransformationsvith
enepy functionsH; andHa, however, commutef andonly if the
Poissorbracletof thetwo functions,(H1, Hy), is locally constant
(Arnold, 1989).

3. If theRHSof Eq. (9) wereconstantthe histogramwould simply
bescaled.

4. Image dependentistogrampreservingtransformationgio not
necessaril)commutewith other belds, even Hamiltonianones.
Two vector belds commuteif and only if their Lie braclets
commute.

5. In some casesthe integral curves can also form spirals that
have one end on the bxed point. The bxed point is thencalled
centofocus.
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