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Abstract
This paper describes a new method for determin-

ing correspondence between points on pairs of surfaces
based on shape using a combination of geodesic dis-
tance and surface curvature. An initial sparse set
of corresponding points are generated using a shape-
based matching procedure. Geodesic interpolation is
employed in order to capture the complex surface. In
addition, surface correspondence and triangulation are
computed simultaneously in a hierarchical way. Re-
sults applied to human cerebral cortical surfaces are
shownto evaluatethe approach.

1 In tro duction
Determining the correspondenceof 3D points be-

tween pairs of surfaceshas many important applica-
tions such asfor comparing shape betweendeformable
objects, non-rigid registration, developing probabilis-
tic models and atlases,etc. While shape provides the
basisfor such a correspondence,this problem remains
a di±cult one due to ambiguit y when the surfacesare
complex and variable, such as with the human cere-
bral cortex. In addition, the lack of ground truth for
correspondenceremainsa problem for evaluating such
methods.

The iterativ e closest point method (ICP) [1] and
related methods [6] minimize the distancefrom points
in one surfaceto the closestpoint in another surface.
The robust point matching approach of Rangarajan
et al. [16] also usesdistance and has the advantage
of establishing the correspondencebetween two sets
of points in a robust way, discarding outlier points.
Neither approach, however, explicitly uses shape to
determine this match. ICP has also been improved
with shape information for model building [4].

Fleute and Lavall¶ee [7] developed a surface cor-
respondence algorithm to build a statistical shape
model. In their method, random point sets on the
surface are identi¯ed ¯rst, and then these clouds of
points are registered and matched to establish corre-
spondenceusing a multi-resolution octree spline ap-

proach. The accuracyof the correspondenceis depen-
dent on the registration process,which is very compu-
tationally expensive and may not be su±ciently °ex-
ible for complex deformations. In addition, a further
surfacetriangulation method is neededto form a sur-
face from the unorganizedpoints.

Matching of shape based on curvature has been
used for non-rigid motion tracking [5]. Shi et al.
[19] also use shape-basedcorrespondencefor analyz-
ing left-ventricular motion. Note that for motion, the
problem of correspondenceis much more constrained
due to the incremental changein shape betweentime
frames.

Geodesic distance is an important geometric mea-
sure for understanding complex shape. One of the
¯rst usesin brain analysiswas by Gri±n [9] who used
meangeodesicdistance to characterizecortical shape.
Geodesicdistanceand curvature werealsousedto fol-
low sulci [21, 11]. The cortical surface is composed
of folds (gyri) separatedby sulci. The geodesic path
connecting points in a sulcus will tend to follow the
sulcus. Recently , minimal paths constructed across
the surfacehave also been used for surfacepatch pa-
rameterization [3].

2 Metho d
2.1 Algorithm Ov erview

We proposea new automatic method using shape-
basedmatching and geodesicinterpolation to directly
identify corresponding points on pairs of surfaces.An
individual (or study) surface is matched to a refer-
ence (or atlas) surface. This method simultaneously
triangulates the study surfacebasedon the generated
points. An initial sparseset of points on the study
surfaceare determined basedon proximit y and shape.
The interpolated points in 3D are then generatedby
¯nding the shortest surface paths between the ini-
tial points and then labeling the interpolated points
equally spacedalong these paths. Given correspond-
ing surfacepoints, it is necessaryto triangulate these
3D points to visualize and validate the surface. Our



surfacereconstruction algorithm also triangulates the
surfaceduring the identi¯cation of corresponding sur-
face points in a hierarchical way. The detailed steps
of our approach are described in sections2.2 to 2.5.
2.2 Initial Poin ts Matc hing and Triangu-

lation
This algorithm starts with segmented images,

which can be determined either manually or automat-
ically. Triangulated surfaces(at the level of voxel size)
can be extracted from the segmented imagesusing the
Marching Cube algorithm [15]. Currently , we are ap-
plying this method to brain images, however, these
techniques can be generalized.

First, a small set of points on an atlas surface is
labeled manually. These points are normally sulcal,
gyral or other feature points, which would be visually
identi¯able from a 3D rendering. In order to match
these points more accurately in the study, we divide
the atlas initial points into four varieties according
to their positions: l = 1 for interhemispheric ¯ssure
sulcal points; l = 2 for creasesat the brain stem and
cerebellum; l = 3 for the remaining sulcal points; l =
4 for gyral points. An initial triangulation of these
points is constructed manually. This manual step only
needsto be done oncefor the atlas image.

For each individual study brain, we usethe follow-
ing automatic method to determine the corresponding
points of the atlas. The initial triangle connectionsare
inherited from the atlas.

First, we align the study to the atlas by scaling,
translation and rotation. The Procrustes shape dis-
tance method [2] is adopted here to calculate the scal-
ing parameter using several thousand points evenly
sampledon the two surfaces.Rigid registration is then
performed using distance transform methods [10].

The procedure for determining the initial corre-
sponding points of the atlas is basedon an objective
function matching local geometry (Eq.(1)). For each
initial point i on the atlas surface,the objective func-
tion to be minimized within a region for point j on
the study surfaceis:

Oij = dij ¢nij ¢f ij (1)

wheredij , nij and f ij are respectively, a Euclideandis-
tance measure,a surface normal match measureand
a feature (curvedness)match measure,formulated as
follows.

The Euclidean distance measure is de¯ned as:

dij = 1 +
q

[x i ¡ x j ]2 + [yi ¡ yj ]2 + [zi ¡ zj ]2 (2)

where (x; y; z) is the 3D co-ordinates for each surface
point. Note that 1 · dij · Rw , whereRw is the radius
of the search window with center point i .

(a) scale1 (b) scale2 (c) scale3
Note: These are color images. Pleasecheck web site: http:

//no odle.med.yale.edu/ » wang/Research/cvpr00 ¯g.html
for colors and better visualization.

Figure 1: Sulci (red) and gyri (green) points of the study
brain by thresholding the curvedness(Eq.(5)). Top: dorsal
view; Bottom: ventral view. (a): scale1 (Gausssmoothing
¾ = 0:5), sulci (35%), gyri (15%); (b): scale2 (smoothing
¾ = 1:5), sulci (25%), gyri (10%); (c): scale3 (smoothing
¾ = 2:5), sulci (10%), gyri (3%). (Note: the percentages
shown in the brackets are the number of selectedsulci or gyri
points over the total number of surfacepoints.)

The surface normal matc h measure is de¯ned
as:

nij = 2 ¡ ~ni ¢~nj (3)

where ~n is the unit normal vector for each surface
point. Note that 1 · n ij · 3.

The feature matc h measure is de¯ned in terms
of curvedness.

Given the segmented brain image L, the Gaussian
curvature, K , and the meansurfacecurvature, H , can
be calculated from the partial derivativesof the image
as [17, 18, 20]:
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P
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(4)

where ­ = f (x; y; z); (y; z; x); (z; x; y)g is the set of
circular shifts of (x; y; z).

The two principal curvatures k1 and k2 are re-
lated to the Gaussianand mean curvatures as: k1 =
H +

p
H 2 ¡ K , and k2 = H ¡

p
H 2 ¡ K . Shape

can be characterized by two values: one describing
the type of curvature and one describing the de-
gree [14]. A shape index function, de¯ned as S =



2
¼ arctan [(k2 + k1)=(k2 ¡ k1)], can be used to classify
surfaces into nine types [14]. Shape index distin-
guishesbetweensulci and gyri [20]. Curvednessmea-
suresthe degreeof curvature [14]: C =

p
(k2

1 + k2
2)=2.

In our matching procedure,we would like to locate
sulcal and gyral points, t, by thresholding a signed
curvedness,Cs, de¯ned as:

Cs =

8
<

:

q
k 2

1 + k 2
2

2 ; if S ¸ 0

¡
q

k 2
1 + k 2

2
2 ; if S < 0

(5)

Then,

t =

8
<

:

gyrus, if Cs > K g

sulcus, if Cs < ¡ K s

no feature, otherwise
(6)

The threshold values K g and K s are chosendynami-
cally so that the selectedsulcal or gyral points are ap-
proximately a speci¯ed percentage of the total surface

(a) (b) (c)

(d) (e) (f )

(g)

Notation:

initial points;

interpolated points  generated 
from the 1st iterat ion;

interpolated points  generated 
from the 2nd iterat ion.

(h)

Figure 2: Diagram for corresponding surfacepoints identi¯-
cation and surfacetriangulation in our hierarchical approach.
(a): initial points and triangulation; (b): shortest paths be-
tweeneachpair of connectedpoints; (c): selectedmid-points
on each shortest path (white dots) and triangle subdivision;
(d): more dense triangulation; (e): repeating of (c) in a
hierarchical way; (f ): even more dense triangulation; (g):
schematic diagram showing brain sulci being followed; (h):
notation for this diagram.

points (seeFigure 1 for detailed percentages,¯xed for
each scale). Also, in order to locate thesepoints more
accurately, we identify them at three scalesaccording
to their labeling l in the atlas speci¯ed above:

scale =

8
<

:

1; if l = 3 or 4
2; if l = 1
3; if l = 2

(7)

Due to variations in shape, points with di®erent la-
bels, l , are more consistent when measuredat their
respective scales,which can be seenin Figure 1.

The feature (curvedness)match measure used in
Eq.(1) is formulated as:

f ij =

8
>>>>>><

>>>>>>:

1:0; if (t i ; t j ) =

8
<

:

(sulcus, sulcus)
(gyrus, gyrus)
(no feature, no feature)

2:8; if (t i ; t j ) =
½

(sulcus, no feature)
(gyrus, no feature)

3:0; if (t i ; t j ) = (sulcus, gyrus)
(8)

Thus, for each labeledpoint on the atlas, the point
on the study surfacewhich minimizes Eq.(1) within a
radius Rw (normally chosento be 15 pixels) is selected
as the corresponding point.

2.3 Geo desic Path Computation
Given the setof corresponding points and their con-

nections, the secondstep is to determine the shortest
paths between each pair of connectedsurface points
(Figure 2).

There are many methods to solve the shortest sur-
face path ¯nding problem. The algorithm we use is
based on Kimmel's two methods [12, 13], and is al-
most the sameashis extendedFast Marching Method
[13]. The Fast Marching Method [18] is an extremely
fast numerical algorithm for solving the Eikonal equa-
tion j r T j= F (x; y) on a rectangular orthogonal mesh
in O(M logM ) steps,where M is the total number of

(a) (b)

Figure 3: Shortest paths on a synthetic surface. (a): the
synthetic surface(imagesize: 32£ 32£ 32); (b): two shortest
paths on the Marching Cube triangulated surfaceof (a).



grid points. This technique has beenextended to tri-
angulated domainswith the samecomputational com-
plexity [13].

When we calculate the shortest path between two
surfacepoints, one is treated as the sourcepoint, and
the other as the destination point. In our implemen-
tation, using this extended Fast Marching Method,
we ¯rst solve the Eikonal equation with speedF = 1
on the triangulated surfaceto compute the distanceT
from a sourcepoint. Note that for all geodesiccompu-
tations we usethe original triangulated surface. Then,
webacktrack along the gradient of the distanceT from
the destination point. For each triangle, there is one
gradient. We start from a point and \°o w" inside the
triangle which has the largest gradient according to
the computedgradients. In this way, weget a sequence
of straight segments, each segment corresponding to a
path through one triangle. Since the original surface
triangulation is done at the voxel level, the discrete
path is ¯ne enoughto be a good approximation of the
geodesicpath on the continuous surface. In this way,
the shortest path betweenthe sourceand destination
points is traced.

Figure 3 shows the Marching Cube triangulation
[15] and two shortest paths for a synthetic surface.

2.4 Mid-p oin t Selection and Triangle
Sub division

The third step of our approach is selectingthe mid-
point on each shortest path, and decomposing each
triangle into four smaller ones(Figure 2(c)). In this
way, a moredensetriangulation is derived(Figure 2(a)
and 2(d)).

2.5 Hierarc hical Surface Reconstruction
Now, we simply repeat the previous two stepsand

thus generateeven densersurfacepoints and triangu-
lation. Figure 2 diagrams our hierarchical strategy.
We repeat this processuntil the triangles are small
enough. Figure 4 shows a synthetic surface recon-
struction example. As the iterations continue, more
and more densesurface points and triangulation are
derived.

2.6 Features of Our Metho d
The assumption of our approach is that the rela-

tiv e deformation of the two surfacesis approximately
a uniform stretching between the initial points. Lo-
cally uniform stretching, or homothetic deformation
[8] is a reasonableassumption and can be satis¯ed,
at least approximately, by the appropriate selection
of the initial points. The general requirement for the
initial points labeling on the atlas surface is an even
distribution. In areas of greater complexity, it may
be necessaryto include a denserdistribution of initial
points so that more accurate results can be derived.

(a) (b) (c)

(d) (e) (f )

Figure 4: 3D synthetic surfacereconstruction. (a): the syn-
thetic surface (22; 782 points and 45; 560 triangles) (image
size: 100£ 100£ 100); (b): another view of (a); (c): initial
points and triangulation (38 points and 72 triangles); (d) to
(f ): generatedsurfacepoints and surfacetriangulation based
on thesepoints respectively after 1st, 2nd and 3rd iterations
by our hierarchical approach(with number of points/triangles
respectively: 146/ 288, 578/ 1152, 2306/ 4608).

Deep sulcal areashave longer surfacepaths given the
sameEuclidean distance betweenthe points.

Our initial points matching usessurfacecurvature,
and the points interpolation is based on geodesics.
Therefore, our approach can capture the global and
local shape of the surface, which is the main advan-
tage compared to other points matching algorithms
[1, 16, 7]. Figure 2(g) shows schematically how the
geodesicpaths can follow brain sulci.

In our hierarchical closedsurfacereconstruction al-
gorithm, if the number of initial points and triangles
are respectively P0 and T0, then at i th iteration, the
generatedpoints, Pi , and triangles, Ti , are given by:

Pi = P0 +
4i ¡ 1

2
T0; Ti = 4i T0 (9)

Normally, surfacesare reconstructedto four iterations
in our experiments.

3 Exp erimen ts and Evaluation
3.1 Real Pair of A tlas and Study Brains

Figure 5 shows the automatic points matching re-
sults on a pair of brain surfaces(Section 2.2). Regular
sulcal and gyral points are identi¯ed consistently , as
are the interhemispheric ¯ssure points and points on
the ventral surfaceat the brain stem and cerebellum.
The consistent matching is due to the combined ef-
fect of the three measures(Eq.(2),(3),(8)) using the
curvednessmeasureat three di®erent scales.



Figure 5: Automatically matched initial points on the brain
surface(top and bottom are two di®erentviews). Left: atlas
surface hand-labeled 69 points; Right: study surface corre-
sponding 69 points identi¯ed by our automatic point match-
ing procedure(Section 2.2).

(a) (b) (c)

Figure 6: Atlas surfacecorrespondenceand reconstruction
by our shape-basedapproach (top and bottom are two dif-
ferent views). (a): initial points and triangulation (69 points
and 134 triangles); (b): reconstructedsurfaceafter the 4th
iteration with normals extracted from the original surface
(17; 154 points and 34; 304 triangles); (c): original atlas sur-
face (187; 969 points and 377; 238 triangles).

The surfacecorrespondenceand reconstruction pro-
cessfor the atlas and study are shown in Figures 6
and 7 respectively. In order to evaluate our approach,
we also implemented a simple closest point method
for correspondence ¯nding. This method identi¯es
the closest point on the study as the corresponding
point for the atlas. By calculating the corresponding
points of the reconstructedatlas after the 4th iteration
(Figure 6(b)), we get the reconstructed study surface

shown in Figure 9. Sincethe generatedpoints for the
atlas are roughly evenly distributed on the original
atlas surface,the reconstructed surfacein Figure 6(b)
is a good approximation of the original one in Fig-
ure 6(c), with many visible sulci and gyri. We there-
fore expect that the corresponding points for the study
should also reveal the sulcal and gyral pattern. From
the top of Figures 7 and 9, it can be seenthat our
shape-basedapproach is able to generate more sulci
and gyri on the reconstructed surface faithfully , re-
sulting in a much better approximation of the origi-
nal surface (Figure 8). The bottom of Figures 7 and
9 show that the simple closestpoint method can not
give a reasonableposterior reconstructedsurface. The
di®erencein the posterior region can also be seenin
Figure 10, where the ¯v e points in the atlas are cor-
responded well by our geodesic method. The simple
closestpoint method calculatedthe wrong correspond-
ing points becausethe rigid and scalingtransformation
could not compensatefor the deformation in the pos-
terior part of the study brain.

3.2 Real A tlas and Syn thetically W arp ed
Study

In order to further evaluate the method both quan-
titativ ely and qualitativ ely, we de¯ne a particular
warp and apply it to the atlas brain image,generating
a warped study image to which both our algorithm
and the simple closestpoint algorithm can be applied.
We usethe following sinusoidal displacement ¯elds for
transforming the atlas image to a study image:

xnew = xol d + Ax sin (¼yol d=32);

ynew = yol d + Ay sin (¼zol d=32);

znew = zol d + Azsin (¼xol d=32) (10)

where(xol d; yol d; zol d) are coordinates of a point in the
atlas image and (xnew ; ynew ; znew ) are coordinates of
the corresponding point in the transformed study im-
age. Ax , Ay , Az are the limits of the maximum dis-
placement distances along the x, y, z directions, re-
spectively.

The transformed study image in this experiment is
shown in Figure 11 bottom. The atlas initial points
and triangulation are shown in Figure 6(a). The ini-
tial points of the study are derived either from the
known warp, or from our automatic matching proce-
dure described in Section 2.2. Using known initial
points, the evaluation only re°ects the comparisonof
our geodesic dense points correspondencealgorithm
and the simple closestpoint algorithm, and does not
include the initial points matching step. Using the au-
tomatic matching procedure, the entire framework is
evaluated.



(a) (b) (c)

Figure 7: Study surfacecorrespondenceand reconstruction
by our shape-basedapproach (top and bottom are two di®er-
ent views). (a): generatedsurfacepoints and triangulation
after the 4th iteration (wire-frame); (b): reconstructedsur-
face after the 4th iteration with normals computed from tri-
angulation; (c): reconstructedsurfaceafter the 4th iteration
with normals extracted from the original surface.

Figure 8: Two viewsof the original study surface(164; 477
points and 329; 816 triangles).

By calculating the corresponding points of the re-
constructed atlas after the 4th iteration (Figure 6(b)),
we get the reconstructed study surfaceswith di®erent
initial points and di®erent methods shown in Figure
12. Clearly, our method givesbetter results no matter
how the initial points are derived.

Another way of examining the results, which is also
useful for shape characterization, is to calculate the
distance betweeneach pair of points and visualize the
distanceasa color map on the study surface. Sincethe
study hereis warpedfrom the true atlas by Eq.(10), we
have the known distance map (Figure 13(a)) for eval-
uation. This color map is calculated and visualized
densely at each point on the study surface (154; 080
points in total). For both methods, we ¯rst calculated
the colored distance map at 17; 154 points (the num-
ber of corresponding points for the atlas after the 4th
iteration), and then used an iterativ e merging tech-
nique to color the remaining study surfacepoints. The
meansquareerror of the absolutedistance to the true

(a) (b) (c)

Figure 9: Study surfacecorrespondenceand reconstruction
by simple closest point approach (top and bottom are two
di®erentviews). (a): calculatedcorresponding surfacepoints
and projected triangulation of reconstructedatlas in Figure
6(b) (compare with Figure 7(a)); (b): reconstructedsurface
of (a) with normals computed from triangulation (compare
with Figure 7(b)); (c): reconstructedsurfaceof (a) with nor-
malsextractedfrom the original surface(compare with Figure
7(c)). Note, dark areasare due to the variation of the normal
betweenthe original surface(Figure 8) and the reconstructed
surfacein (b).

Figure 10: Located corresponding points comparison by dif-
ferent methods. Left: ¯ve points on the atlas posterior sur-
face; Middle: the ¯ve corresponding points on the study sur-
face by our shape-basedmethod; Right: the ¯ve correspond-
ing points on the study surface by the simple closest point
method.

distance map is evaluated at the calculated 17; 154
points. From the results in Figure 13, we can seethat
the displacement pattern and mean square distance
error for our method (Figure 13(b),(c)) are much bet-
ter than for the simple closestpoint method (Figure
13(d)). The simple closest point approach tends to
give smaller absolutedistancesthan the true distance,
while our shape-basedapproach results in more accu-
rate distancescomparableto the true distance.



Figure 11: Atlas surfaceand syntheticallywarped study sur-
face. Top: threeviewsof the atlassurface(samebrain asthat
in Figure6(c)); Bottom: three viewsof the warped study sur-
face by Eq.(10) with A x = A y = A z = 5:0 (154; 080 points
and 308; 808 triangles).

Figure 12: Reconstructionof the warped study surface(Fig-
ure11 bottom) with di®erentinitial points anddi®erentmeth-
ods. Left and Middle: by our shape-basedmethod after the
4th iteration with initial points from known warp (left) and
with initial points from our point matching procedure(mid-
dle); Right: by the simpleclosestpoint method.

4 Conclusions and Future Directions
We have presented a new shape-basedapproach for

3D brain surfacecorrespondenceusing geodesicpaths
and geometrical features. The entire processof our
method is automatic except for the atlas initial critical
points labeling and initial triangulation construction,
which need to be done only once for the atlas. By
minimizing the objective function which incorporates
local surfacegeometry, the initial points on the study
surfaceare identi¯ed and matched. The corresponding
surfacepoints are generatedby labeling mid-points on
the shortest paths recursively. Surfacecorrespondence
and triangulation are computed simultaneously in a
hierarchical way. Experimental results and evaluation
further demonstratethat our method performswell for
both corresponding points ¯nding and surface shape
recovery.

The directions of future research include incorpo-

Absolute Distance Map

0.0    1.5     3.0     4.5     6.0     7.5 (pixel )

Direction of Differ ences

Atlas LargerStudy Larger

(a)

(b)

(c)

(d)

Note: These are color images. Pleasecheck web site: http:
//no odle.med.yale.edu/ » wang/Research/cvpr00 ¯g.html

for colors and better visualization.

Figure 13: Evaluation of di®erent methods for the known
warp (Eq.(10)). (a): true absolutedistancemapanddirection
of di®erences(left and right are two di®erent views); (b):
resultsby our shape-basedmethod (initial points from known
warp) with absolute distance mean square error 3:66 pixels;
(c): results by our shape-basedmethod (initial points from
our point matching procedure) with absolutedistancemean
square error 8:68 pixels; (d): results by the simple closest
point method with absolutedistancemeansquare error 16:03
pixels.

rating other features for initial points matching and
using generatedcorresponding surfacepoints as land-
marks for 3D statistical model building and surface
basednon-rigid registration.
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